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CHAPTER 1. INTRODUCTION 
1.1 Background 
One of the primary design considerations for axially loaded cylindrical shells is 
buckling. A comparison of the linear theory of elasticity solution to test results shows that 
the theoretical solution usually implies a strong overrating of the buckling resistance of cyl­
inders. The deviations from the classical theory solution as well as the scatter in test results 
increase with the increase of the cylinder radius to thickness ratio. Investigators believe that 
geometric imperfections play a vital role along with other factors in reducing the buckling 
resistance of cylinders. These imperfections originate from the manufacturing process, such 
as welding, rolling, etc. Unfortunately, actual geometric imperfections are usually not well 
documented in test reports. Most of the tests refer to buckling in the elastic region and do 
not document the material properties such as yield strength. 
Most current codes of practice require the reduction of the classical buckling load by 
empirical correlation factors, designated as knockdown factors, which are based on a con­
servative lower bound of test data. The formulas for the buckling resistance assume that 
geometric imperfections are within tolerance levels. Some codes permit the determination 
of the buckling resistance of shells through a rigorous analysis which considers the effect of 
geometric and material imperfections. In such analysis, the major question is: what imper­
fection configuration should be utilized. The imperfection amplitude can be determined as 
the allowable tolerance value, whereas the imperfection shape is selected according to the 
knowledge and experience of the analyst. 
1.2 Objectives 
The objectives of the research presented herein are: 
1. To determine of the worst imperfection shape for axially loaded cylinders. 
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2. To develop of an equivalent deterministic imperfection that brings the finite element 
solution into acceptable agreement with the lower bound of lest results and can be used 
in the numerical analysis and design of cylindrical shells. 
1.3 Approach 
The objectives of this work were achieved by conducting an extensive sensitivity and 
statistical analysis on the effect of random geometric imperfections on the buckling resis­
tance of cylinders. The analysis was accomplished by using the finite element method. 
Verification of the analysis was achieved by comparison to available test data and current 
codes of practice [20,21]. The general purpose finite element program ABAQUS version 
5.3 was selected for the numerical solution. Elastic buckling procedures in ABAQUS were 
verified by solving an axially loaded perfect cylinder. The buckling load and mode shapes 
were compared with the classical theory. Inelastic buckling procedures were verified by 
solving an externally loaded circular arch and axially loaded imperfect cylindrical shells. 
The load deflection path, together with the critical points, were compared to numerical so­
lutions and test results in the literature. 
A mesh sensitivity study was conducted on an axially loaded imperfect cylinder with 
an imperfection configuration similar to a buckling mode of the perfect cylinder. The size 
of the elements in the hoop and axial directions were progressively halved until a con­
verged solution was obtained. Special attention was given to the element aspect ratio. The 
selection of the suitable finite element model was based on an acceptable accuracy and 
computational requirements. 
The stochastic simulation of geometric imperfections was accomplished by 
superposition of harmonic functions with various deterministic parameters and random 
variables. The deterministic parameters described an assumed decaying cosine 
autocorrelation function which produced a spectral density function, PSD, similar to that of 
realistic imperfections. The imperfection PSD can fully characterize the random imperfec­
tion profile. The definition of the imperfection PSD was reduced to five independent vari­
ables designated as the PSD parameters. Once the parameters for the PSD are selected, it 
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was utilized to generate artificial sample cylinders which have stationary and ergodic ran­
dom imperfections. 
The random imperfection generator together with the finite element model were util­
ized to conduct elastic buckling analysis on cylinders with five r/t ratios. Results were com­
pared to test data and AS ME Code Case N-284 [21]. The analysis was repeated incorporat­
ing material nonlinearities. In this analysis, the artificial samples were grouped into five 
groups according to their imperfection configuration. The inelastic buckling analysis was 
conducted on cylinders with six r/t ratios. Results were compared to test data and Code 
Case N-284. The numerical results were also utilized to determine the worst imperfection 
configuration using the analysis of variance approach, AOV. 
On the basis of the statistical evaluation of numerical results, a deterministic analysis 
was finally conducted to develop an equivalent deterministic imperfection that brings the 
numerical solution and lower bound of test data into an agreement. The problem of finding 
the worst deterministic imperfection was reduced to the determination of two variables that 
were computed through a simple parametric investigation. 
1.4 Organization of the Thesis 
In Chapter 2, a brief introduction to the general theory of shell stability was pre­
sented with emphasis on the buckling behavior of axially loaded cylinders. The classical 
theory of buckling of cylinders was demonstrated together with the factors causing the dis­
crepancy between test results and theory. Finally, a review of previous work in experimen­
tal and theoretical analysis of shell buckling, stochastic simulation of geometric imperfec­
tions and numerical solution methods for buckling of shells was presented. 
In Chapter 3, elastic and inelastic buckling procedures in the ABAQUS program 
were verified by solving the problem of an axially loaded perfect and imperfect cylinder, 
respectively. The solution was verified by comparison with the elastic theory and existing 
solutions in published literature. Mesh sensitivity study with h-refinement was conducted to 
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determine the mesh size that yields accurate results and consumes reasonable computa­
tional requirements. 
In Chapter 4, a mathematical model for random imperfections was developed based 
on an assumed decaying cosine autocorrelation function. The model was verified by com­
paring the power spectral density function of imperfections to those provided by measure­
ments in the published literature. 
In Chapter 5, an elastic buckling analysis of cylinders with random imperfections 
was conducted. Finite element results were compared to test data and the ASME Code Case 
N-284 lower bound. The buckling analysis was repeated in Chapter 6 incorporating mate­
rial nonlinearity to account for residual stresses. The finite element results were compared 
to test data and the ASME Code Case N-284. The statistical evaluation of the finite element 
results that leads to the determination of the worst imperfection configuration was pre­
sented. 
In the light of the statistical analysis of the finite element results, an imperfection 
sensitivity study was accomplished in Chapter 7. A deterministic equivalent imperfection 
was developed and assessed by comparison to the lower bound of test data and the ASME 
Code Case N-284. Summary and conclusions were presented in Chapter 8. 
A summary of important definitions and concepts was provided in Appendix A. In 
Appendix B, the inelastic buckling procedures in ABAQUS was described and verified by 
solving a two hinged circular arch subjected to a uniform load. The fundamental and post 
buckling paths were compared to existing solutions in the published literature. The effect of 
the imperfection shape on the arch buckling load was also demonstrated. In addition, the 
inelastic buckling analysis of tested cylinders was accomplished. Results were verified with 
test data and other numerical and theoretical solutions reported in the literature. 
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CHAPTER 2. GENERAL BACKGROUND AND CONCEPTS 
2.1 Introduction to the General Theory of Stability of Shells 
Buckling of shells is one of the most complicated phenomenon in structural engi­
neering. Shells are continuum structures where one dimension, the shell thickness, is very 
small compared to the other two dimensions. The consequence of this property is that the 
membrane stiffness is, in general, several orders of magnitude greater than the bending 
stiffness. Very small deformations take place in the shell when it absorbs membrane strain 
energy. However, it deforms significantly when it absorbs bending strain energy. If the 
shell is loaded so that its strain energy is in the form of membrane compression and the 
loading reaches a stage where this stored membrane strain energy is converted into an 
equivalent bending energy, the shell deforms rather dramatically and fails in a process 
called "buckling". 
In the static analysis of a perfect structure, there are two types of stability phenomena 
which are: (1) collapse at the point of maximum load and (2) bifurcation buckling (Appen­
dix A). Figure 2.1 schematically illustrates the possible load deflection behavior of an axi-
ally loaded cylindrical shell. The primary equilibrium path OCP is often nonlinear due to 
the eccentricity of the applied load relative to the shell middle surface. The deformed shape 
remains essentially the same along this path with only the magnitude of the displacements 
increasing. Eventually, an instability occurs along this path at a point, P, of maximum load. 
This point is referred to as the limit point buckling, or snap through (Appendix A). For 
this behavior, the deflected shape at A,p differs from the initial deflected shape only in mag­
nitude. An alternative equilibrium path is available at point C. This is the bifurcation point 
at which two equilibrium shapes are possible. At this point, the shell will follow the least 
energy path CD, known as the post buckling path. Deformations along this path are non-
symmetric in which wrinkles or lobes may form around the circumference and the shell de­
formations are significantly different than those along the primary path. Elastic buckling 
occurs if the shell is elastic at the bifurcation point, i.e., point C is below the propor­
tional linnit. If C is above the proportional limit, inelastic buckling occurs. 
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Load 
Limit Load 
(Perfect Structures) 
Fundamental 
Path 
Bifurcation 
Post buckling 
Limit Load 
(Imperfect Structures) 
Axial Displacement 
Fig 2.1 Fundamental and Post Buckling Load Displacement Paths 
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In the case of real structures which contain unavoidable imperfections, there is no 
such thing as true bifurcation buckling. The shell will deform in the pattern of the initial 
imperfection without noticeably changing shape until failure takes place at the limit load 
designated as A-l If point C corresponds to bifurcation into a nonsymmetric buckling mode, 
the collapse at L will involve significant nonsymmetric displacement components. The 
equilibrium path beyond point L will be asymptotic to the post buckling path [7]. 
2.2.1 Classical theory 
Consider a thin walled circular cylindrical shell of length, L, wall thickness, t, and 
undeformed middle surface radius, r as shown in Fig. 2.2. The coordinate system x, 0, and 
z describing any point on the middle surface together with all the displacement components 
u, V, and w are illustrated in Fig. 2.2. The forces and moment intensities acting on a shell 
element (see Fig. 2.3) are related to the internal stresses by the following equations 
where N^, N^g, Ng and are in-plane normal and shear stress resultants. and Qg are 
transverse shear stress resultants in force per unit length. M^, Mg, and Mg^^ are bending 
and twisting moment stress resultants. The symbols Og, Xg^^ and Tj^g denote normal and 
shear stress components, respectively, at any point through the shell thickness. 
2.2 Buckling of Axially Loaded Circular Cylindrical Shells 
[2 ] :  
( 2 . 1 )  
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Fig. 2.2 Circular Cylindrical Shell 
AZ 
Middle 
Surface 
Fig 2.3 Cylindrical Shell Element 
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For sufficiently thin shells the term z/r may be neglected relative to unity in Eqs. 2.1. Then 
Nex equals and Mq, equals M^g. 
2.2.1.1 Equilibrium of forces and moments The equilibrium equations can be derived by 
summation of forces and moments acting on a cylindrical shell element in a slightly de­
formed configuration, as shown in Fig 2.4 [2]. The force and moment stress resultants vary 
across the element, and the notation N/ denotes (N^ + dx) where ^ represents the 
partial derivative of with respect to x. In the undeformed configuration, the axes x, 0, 
and z at any point on the middle surface are aligned with the generator, the tangent to the 
circumference and the normal to the middle surface, respectively. When the shell element is 
slightly deformed, these directions change and the stress resultants also change their direc­
tions which must be considered in deriving the equilibrium equations [I]. 
First, the relative angular displacements of the opposite edges of the shell element 
are computed [1]. In these computations, the angular displacements due to every displace­
ment component is calculated, then the resultant angular displacement is obtained by 
superposition. Assuming that all resultant forces and moments except are very small and 
neglecting the product of these forces with the derivatives of the displacements u, v, and w, 
the summation of forces in the x, 0, and z directions, respectively, gives [1]: 
In these equations, the change in the size of the shell element due to stretching of the mid­
dle surface was not considered. Neglecting the products of the moments and the derivatives 
of the displacements, the summation of moments relative to the x and 0 directions gives: 
rNxjc + ^0x£ = 0 
+ ''^XGJC + rN^vjac- = ^  
rQxjc + Qe,e + rN^Wja + Nq = Q 
(2.2) 
(2.3) 
20 = 
10 
z iL 
a. Normal and Shei 
Stress Resultants 
b. Moment Stress Resultants 
Fig 2.4 Cylindrical Shell Element in Deformed Configuration 
Substituting Eqs. 2.3 into Eqs. 2.2, gives the three equilibrium equations of an axially com­
pressed cylindrical shell: 
rNxjc + Nq^ 0 = 0 
Mia a 
e ''^xOjc = 0 
rN^w^ + Nq + ^ = 0 
(2.4) 
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2.2.1.2 Kinematic relations The middle surface extensional and shear strain components 
, Eg and can be written in terms of the displacement components as follows [3]: 
fx = 
C — W 
^9- -r~ T (2.5) 
VxB = - + 
whereas the curvature changes K^, Kg and K^g are given by the relations [3]; 
% - Vi>jcx 
= ,2 (2.6) 
"xd = 
{v.x+w.^} 
For linear analysis, all the quadratic terms in the strain and curvature components were ne­
glected in Eqs. 2.5 and 2.6. 
2.2.1.3 Middle surface force deformation relations Substituting the two dimensional plane 
stress constitutive relations [3] into Eqs. 2.1 and carrying out the integration through the 
thickness of the shell, gives an expression for the stress resultants in terms of the middle 
surface .strains as; 
_ Et(e^+veg) 
^ ~ 1-v-
_ Et(eg+Ve^) 
0 - I_v2 (2.7) 
N 
xO 2(1+v) 
where E is the elastic material modulus and v is Poisson's ratio. 
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2.2.1.4 Moment curvature relations The relationships between bending moments and cur­
vature can be derived [2] using the plate bending theory; 
=-D{k^- VKq) (2.8) 
Mq =-D{Kq + VK^) 
= D{1-v)K^ 
where D is the flexural rigidity of the shell [2]. 
2.2.1.5 Differential equations The equilibrium equations, Eqs. 2.4, will be expressed in 
terms of the displacements. Substitution of the appropriate derivatives of Eqs. 2.5 through 
2.8 into Eqs. 2.4 gives [1]: 
UjcX + 
( l+V)V^  ^ (l-V)Ugg _ ^  
2r 2r2 
(I+v)M^ , r{i~v)vjcx , ^ee 
2 2 '• ~ ^ 
",00 ^
 + -^ + rw_^ + r(l- v)vjcx 
,xxO rcpVjcx = 0 (2.9) 
V 0 
vujc- r^Wjoc + -jr- a '.000 aaa , ,r, t ^jB6dd , ^ r- + (2- v)rv^ + r^Wjacxx + —r" + = 0 
and a = P- 0 
0,(1-v2) 
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Equations 2.9 will be satisfied by assuming that v equals to zero and that vu^ and w/r are 
equal and constant. This solution represents the fundamental equilibrium state at which the 
cylinder shortens in the axial direction and expands in the radial direction. Thus, the solu­
tion proceeds along the stable primary equilibrium path (see Fig. 2.1). 
2.2.1.6 Axisvmmetric buckling mode Another solution for Eqs. 2.9 is obtained by assum­
ing the values of v and w^^^ are zeros at the edges only and that u and w are functions of x 
only. The radial displacement w can be expressed by the following expression [1]: 
w =-Asin(^^^ (2.10) 
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where m is the number of half waves along the cylinder generator and A is an arbitrary am­
plitude of the sine wave. Substituting Eq. 2.10 into the equilibrium equations Eqs. 2.9 
gives: 
The stress in Eq. 2.11 is the axial stress at which another solution (Eq. 2.10) exits for the 
equilibrium equations (bifurcation point). Therefore, by definition, will be designated as 
the bifurcation buckling stress or critical stress, CT^, (point C in Fig. 2.1). Considering that 
is a continuous function of mTC/L, the minimum value of can be determined by differ­
entiating Eq. 2.11 with respect to m7i/L. The resulting critical stress is: 
and occurs at mTi/L equals to ( Et / r~D )"''. The displacement field (Eq. 2.10) associated 
with is designated as the buckling mode which, in this case, is frequently known as the 
ring buckling mode or the elephant's foot buckling mode. 
2.2.1.7 Nonsvmmetric buckling mode The general solution of Eqs. 2.9 can be written as 
follows: 
(rmtJi)' 
(2.11) 
u = A sin(/z0) cos(^^) 
V = B cos(n0) sin(^^) 
w = Csin(/i0)sin(^^) 
(2.13) 
where n is the number of full waves in the hoop direction. A, B and C are unknown con­
stants. According to the assumed displacement field Eqs. 2.13, the boundary conditions at 
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the ends are v, w and wequal to zero which are the conditions of simply supported edge. 
Using the notation X for the term mTir/L and substituting Eqs. 2.13 into Eqs. 2.9, a set of 
equations are obtained in terms of the constants A, B and C and the parameters (j), a, n and 
X. Equating the determinant of the matrix of coefficients to zero and neglecting high order 
^ 2 terms containing a" and ({) as factors, the following equation is obtained: 
<P = 
and 
ac(l-v2) 
E 
R 
S 
(2.14) 
i? = (1 — v2)A + a {rfi + (2 + v)(3— + 2A'^(1 — v^)— + v) 
+ n\3 + v) + 2nP 
s = r 
2vZA-
(1-v) 
From Eq. 2.14 one can observe that there is a distinct critical stress corresponding to 
each pair of values of A, and n. The pair corresponding to the smallest critical stress are de­
termined by trial and error [1] or, for certain cases, in a closed form as shown below. 
2.2.1.8 Intermediate length cylinders For cylinders of intermediate length, experimental 
results have shown that buckling occurs in the form of short longitudinal waves so that Ti is 
a large number [1]. Keeping only the first term in the brackets of the functions R and S of 
Eq. 2.14, gives: 
_ 
^ (2-15) 
_ a~(n-+l r (\—v^)X 
A" 
A close estimate of the smallest can be obtained by analytical minimization of with 
respect to the quantity (n^+X^)^/X^ considering that it is a continuous function. The minimi­
zation process leads to the result that is a minimum when: 
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(nZ+AV 2r^3(l-v2) (2.16) 
Introduction of this term into Eq. 2.15 and rearrangement gives: 
o = (2.17) 
ry3(l-v2) 
This shows that the critical load is independent on the length of the cylinder and is the same 
magnitude as in the case of axisymmetrical buckling Eq. 2.12. 
2.2.1.9 Short cylinders Since "k and n are positive real numbers. Eq. 2.16 can not be satis­
fied for short cylinders where; 
^ 2r^3(l-v2) (2.18) 
Rearranging Eq. 2.18 gives the following condition for shallow cylinders: 
^ < 2^ (2.19) 
< 2.85 
and 
^ 
^ rt 
The geometric parameters Z is widely used and known as the Batdorf parameter. If the cyl­
inder geometry satisfies Eq. 2.19 , buckling will be axisymmetric (i.e. n=0) and one half 
wave will form in the axial direction. One can neglect the second term in Eq. 2.15 and ob­
tain with n equals to zero: 
n- -
\2{\-vhL^ 
This is the same expression for the critical stress of a narrow plate. 
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2.2.1.10 Long cylinders As the length of the cylinder increases, the value of X will be 
insignificant [1] and all the terms containing high power of X in Eq. 2.14 can be neglected. 
Hence the critical stress can be determined: 
0 
Or<.(l-v2) 
(l-v2)A +a (/i2+A")^+A"[4«6—(7+v)n''+(3+v)/i2]j 
(2.21) 
A V(/l2+l) 
The minimum critical stress can be obtained by trail and error. Substituting n and m with 
unity in Eq. 2.21, one gets an expression for similar to the Euler buckling stress of a strut 
as follows: 
= Tt-EP-
2L-
^ (2.22) 
AT 
where A is the cross sectional area and I is the moment of inertia about the axes of bending. 
This means that as the length of the cylinder increases, it tends to buckle as a column with 
its cross section kept in its circular shape (n equals 1). For larger values of n, the critical 
stress can be obtained by mathematical minimization: 
a = n^-i (2.23) 
'' ry'3(l—V-) 
and occurs when: 
^2 ^ (2.24) 
20(1^ 
The expression of the critical stress given by Eq. 2.23 is minimum when n equals to two 
and equals to 60% of the classical buckling stress (Eq. 2.12) for symmetric buckling [1]. 
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The stability of axially compressed cylindrical shells is well presented in Fig. 2.5 and 
Fig. 2.6. Figure 2.5 represents a two dimensional graphical representation of Eq. 2.14 for a 
cylinder with r equals to 100 in., t equals to 0.2 inches and Poisson's ratio of 0.3. The fig­
ure illustrates the variation of ^ with respect to the longitudinal and circumferential wave 
parameters L/mr and n in a logarithmic scale. Figure 2.5 indicates that the critical stress for 
short cylinders will be bounded by the straight line on the left (Eq. 2.20) representing buck­
ling of a narrow plate element. For intermediate length cylinders, a large number of combi­
nations of the wave numbers m and n will yield the same critical stress (Eq. 2.17) known as 
the classical buckling stress for axially compressed cylinders. For long cylinders, the criti­
cal stress (Eqs. 2.22 and 2.23) decreases as the length of the cylinder increases. The critical 
stress is bounded by the straight line on the right (Eq. 2.22) representing column buckling 
of the entire cylinder with n=l. Figure 2.6 is a three dimensional plot of Eq. 2.14 for a 
specified value of the length, L equals to 100 in. The figure shows the variation of on the 
vertical axis with respect to m and n on the two horizontal axis. The minimum value of 
corresponds to numerous pairs of m and n. 
In the previous discussion, the equilibrium equations were derived using the equilib­
rium of forces and moments acting on a cylindrical shell element. Another method of deri­
vation is possible using the stationary potential energy criterion [2], in which the total po­
tential energy of the cylinder is computed as the sum of the strain energy of the shell and 
the potential energy of the applied load. Equating the first variation of the potential energy 
to zero gives the equilibrium equations. The stability equations yielding the buckling mode 
and the critical stress are obtained by equating the second variation of the potential energy 
to zero. The stationary potential energy criterion gives the same results obtained earlier for 
the critical stress and the buckling modes. 
2.2.2 Comparison of classical theorv with test results 
All the experiments conducted on thin cylinders indicated that the classical theory 
solution implies a strong overrating of the buckling resistance. Figure 2.7 illustrates a com­
parison of test results [4,5] with the classical solution (Eq. 2.17) for various r/t ratios. The 
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Fig 2.6 Critical Values of Axial Stress 
( r=100", t=0.2", v=0.3, E=29xl0Vi, L=100") 
deviation from the classical theory increases with the growing slenderness and that the scat­
ter of the test results is very large. 
The length of the cylinder influences the carrying capacity. The influence of the 
length determined by the test results [4] and compared to the classical theory solution (Eq. 
2.17) is illustrated in Fig. 2.8, the length of the cylinder is normalized by a reference length, 
L^, equals to 4(rt)"^ which is a measure of the critical size of buckles for symmetric buck­
ling. The classical solution overestimates the critical stress for intermediate and long cylin­
ders. On the other hand, short cylinders show higher carrying capacity than that determined 
by the theory. For very long cylinders column buckling is critical. As the length of the cyl­
inder increases an interaction between column buckling and shell buckling takes place that 
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requires smaller amount of deformation strain energy thus yielding a lower capacity [1], 
One can observe that the length of the cylinder is not well represented in the classical the­
ory. 
2.2.3 Parameters influencing the accuracy of the theoretical solution 
The discrepancy between test results and the theoretical solution has been attributed 
to a number of factors [4] such as; 
1. Shell geometry (length and r/t ratio) 
2. Plasticity and residual stresses resulting from welding, erection and rolling. 
3. Disturbances in the actual load distribution during testing. 
4. Variation of temperatures. 
5. Boundary conditions. 
6. Initial geometric imperfections. 
In most cases a combination of the different parameters will have to be considered in order 
to arrive at an accurate estimate of the true capacity of cylindrical shells. However, exten­
sive experimental and theoretical research [3] revealed that the influence of boundary con­
ditions and initial geometric imperfections are the most significant factors - particularly the 
later - in reducing the buckling strength of axially compressed cylindrical shells. 
2.2.3.1 Influence of boundary conditions In the classical solution, the assumed displace­
ment fields (Eqs. 2.13) which satisfy equilibrium imply that there is no tangential and radial 
motion (v=0, w=0), no curvature in the transverse direction (w 0) and a constant axial 
stress along the loaded edges during buckling. These are the boundary conditions of a sim­
ply supported edge, however there are several possible alternatives for simple supports. For 
example, the edges of the cylinder may be free to move in the tangential direction, and, in­
stead of stipulating that the axial stress remains constant along the loaded edges, the in-
plane displacement u may be required to be uniform. Several investigations [3] concluded 
that the classical critical stress (Eq. 2.17) can be reduced by as much as 50% if the edges 
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were permitted to move freely in the tangential direction. Other variations in the in-plane 
edge conditions from those assumed in the classical solution will not change the critical 
stress significantly [3]. Although the aforementioned finding is interesting, it does not ex­
plain the discrepancy between test results and the classical solution since the edges of the 
cylinders were not free to move tangential in most of the experimental investigations. 
In the derivation of the equilibrium equations in the classical solution (Eq. 2.2), it 
was assumed that all the rotations were small enough to be neglected in the prebuckling 
state. Hence, the cylinder was assumed to expand uniformly in the radial direction before 
buckling. Bending at the edges was neglected due to restrained radial displacements. How­
ever, this boundary effect which is present in all experiments will lead to an eccentric load­
ing and consequently nonlinear prebuckling deformations. The analysis of axially com­
pressed cylinders in which prebuckling nonlinearity is taken into account will lead to an 
uncoupled set of differential equations [2] . The solution for the critical stress was obtained 
using numerical techniques such as the finite difference or the finite element method. It was 
observed that the displacement pattern in the prebuckling state becomes sinusoidal with 
maximum radial displacement near the edges. This displacement pattern produces a zone of 
biaxial compressive stresses in the vicinity of the boundary which influences the buckling 
resistance. The classical critical stress was shown to be reduced to 83% in the average when 
the nonlinear prebuckling analysis was incorporated. Still, this does not explain the diver­
gence of the experimental results from the classical buckling formula. The remaining dif­
ference was found to be dependent mainly on the geometric imperfections as will be dis­
cussed in the following section. 
2.2.3.2 Influence of geometric imperfections The capability of shells to carry compressive 
loads is often attributed to their ability to form a homogeneous state of stress. When the 
axially compressed cylindrical shell has an initial geometric imperfection, circumferential 
bands with compressive and tensile stresses are formed due to load eccentricity with respect 
to the middle surface. The circumferential compressive fleld causes the shell to loose its 
stability before the classical bifurcation load is reached. For example, the buckling resis­
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tance of axially compressed cylindrical shells was reduced by 17% due to the biaxial com­
pressive stress field developed near the edges due to boundary clamping. Hence, it was be­
lieved that the buckling resistance of bars, plates and shells is, to a large extent, dependent 
on the geometric imperfections. That is why all design codes [4] recommend a tolerance 
level for the maximum deviation from the ideal shape within a template length. The maxi­
mum deviation allowed and the length of the template are selected according to the shell 
geometry, production method and local effects such as weld seams or cutouts. 
The first contribution to lend understanding to the effect of initial imperfections was 
conducted by Von Karman and Tsien [1,2], They studied the equilibrium state at the secon­
dary equilibrium path near the bifurcation point of axially loaded perfect cylinders. The 
study indicated that the secondary path drops sharply after buckling. Donnell and Wan then 
analyzed an imperfect cylinder using nonlinear equilibrium equations. They indicated that 
the limit load for an imperfect cylinder was far below the bifurcation load of the corre­
sponding perfect cylinder. The equilibrium path of the imperfect cylinder was also shown 
to be asymptotic to the secondary path obtained by Von Karman and Tsien for a perfect 
cyUnder (see Fig. 2.1). 
A general theory of imperfection sensitivity of shells was developed by Koiter in 
1945 [2]. His starting idea was to study the post buckling behavior of a perfect structure 
near the bifurcation point. This was accomplished by deriving a general expression for the 
potential energy in which the nonlinear kinematic relations were utilized. The bifurcation 
load and the corresponding buckling modes were computed by equating the second vari­
ation of the potential energy to zero. A small finite incremental displacement was applied to 
the equilibrium configuration in the neighborhood of the bifurcation point on the primary 
path. The change in the total potential energy, AV, due to this small displacement was com­
puted and the governing equilibrium equations for the initial portion of the secondary path 
were obtained by applying the stationary potential energy criterion to AV. The equations of 
the secondary path obtained from such an analysis can be expressed as follows: 
^  = l + a d  +  b d ^  +  O ( d ^ )  ( 2 - 2 5 )  
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where a is the applied axial stress, is the classical bifurcation stress (Eq. 2.17 or Eq. 
2.12), a and b are constants which are functions of geometric and material properties and 5 
is the displacement measure. In general, there are three possibilities (see Fig. 2.9) for the 
shape of the post buckling path. In Case I, the secondary equilibrium path is approximately 
a sloping straight line. This means that buckling resistance is dependent on the direction of 
bending. In Case II, the secondary path has a parabolic shape downwards. Since the secon­
dary path has a negative slope, equilibrium is unstable and the structure is imperfection sen­
sitive. This is the case of axially compressed cylinders. In Case III, the secondary path is 
also parabolic shape with positive slope. This means that the structure possesses some post 
buckling strength and imperfection insensitive. An example for that is axially loaded col­
umn or plate. From the previous discussion, the imperfection sensitivity and the state of 
equilibrium at buckling of axially loaded cylinders is dependent on the curvature of the cyl­
inder. When the curvature is equal to or slightly greater than zero, the cylinder behaves like 
a plate panel without imperfection sensitivity and it exhibits post buckling strength. On the 
other hand, as the curvature increases the imperfection sensitivity increases and the failure 
takes place at the limit load below the bifurcation load of the perfect cylinder. 
In addition to the secondary equilibrium path of perfect cylinders, Koiter's theory 
also provides an approximate expression for the equilibrium path of imperfect cylinders. 
For nonsymmetric imperfections, an approximate expression for the potential energy 
caused by small imperfections was added to AV and the same analysis procedure described 
above was repeated. The resulting equilibrium equations can be solved either numerically 
or analytically to obtain the load deflection curve of the imperfect structures shown in Fig. 
2.9. In Cases I and II there are limit loads which can be obtained by differentiation. For 
axisymmetric imperfections, the cylinder buckles at a bifurcation point at a load level less 
than the limit load. Koiter proved that for a sine wave axisymmetric imperfection, the buck­
led shape is a double sine wave in the hoop and axial directions [2]. The wave length of the 
buckle in the axial direction is twice that of the initial imperfection shape. However, the 
wavelength in the hoop direction must be obtained by minimization. Figure 2.10 shows the 
reduction in the buckling strength of cylinders with respect to the imperfection amplitude. 
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The critical stress was normalized by whereas the imperfection amplitude was ex­
pressed as a fraction, |J,, of the shell thickness. A notable feature of Fig. 2.10 is that the 
curve has a nearly vertical tangent at )i equals to zero, indicating that a reduction in critical 
stress occurs even for extremely small imperfections. 
2.2.3.3 Influence of plasticitv and residual stresses Residual stresses are stresses that re­
main in a member after it has been formed into a finished product. Such stresses result from 
plastic deformations, which may result from uneven cooling, welding, rolling and cold 
bending. In a rolled steel shape, the residual stresses cause the stress-strain curve to be 
nonlinear. The value of the stress is averaged over the gross area of the section before de­
formation. Consequently, the residual stress in an elastic-plastic material such as steel gives 
the same effect as that obtained for aluminum which is not perfectly elastic [6]. Thus, the 
steel cylinder buckling strength may be said to be based on inelastic buckling because the 
average stress-strain curve is nonlinear when maximum axial stress is reached. Tests con­
ducted on thick metal cylinders [7] showed that plastic collapse (Appendix A) correspond­
ing to an axisymmetric deformed shape occurred before bifurcation. In such tests, end dis­
placements were controlled. Hence, the inclusion of the end radial restraint and plasticity in 
theoretical models essentially eliminated the discrepancy between test and theory. Fairly 
thick cylinders with r/t ratio less than 90 are not very sensitive to initial imperfections if 
they buckle at stresses above the material proportional limit. On the other hand, material 
nonlinearity is immaterial in buckling of thin cylinders because they buckle elastically at a 
stress level below the material proportional limit. 
2.3 Review of Previous Work 
2.3.1 Experimental work on buckling of shells 
Bridget et al. [8] conducted a series of tests on steel and brass thin-walled cylinders 
subjected to a combination of torsion and axial compression or tension. The experimental 
results were utilized to plot the interaction strength curves under all possible load combina­
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tions. All the interaction curves obtained had the same general form of a cubic parabola 
which suggests the possibility of finding a simple design formula by means of which a de­
signer could deterniine the buckling strength of a cylinder under any combination of shear 
and normal stresses, if he knows its strength under pure shear and under pure compression. 
Moreover, they investigated the independence of different possible types of buckling of a 
structure by examining an L-section struts with varying widths. For small widths the strut 
buckled as Euler column but with wider widths buckling of the sides, as in plates, occurred 
first. Results were checked with theoretical solution and indicated that the two types of 
buckling can be considered independent for practical purposes. 
Donnell [9] conducted a series of tests on axially loaded steel and brass cylindrical 
shells subjected to pure axial compression and subjected to pure bending. The test speci­
mens were thin enough to experience elastic buckling and too short to buckle as Euler col­
umns. Experimental failure stresses ranged from 0.6 to 0.15 of the classical tiieory solution. 
A considerable discrepancy was also observed between the predicted and observed buckled 
shapes. It was shown that most of these discrepancies can be explained if geometric imper­
fections were included in the analysis. In this study, a simplified large deflection theory 
which permits initial geometric imperfections, was developed by adding the same nonlinear 
terms used in formulating the nonlinear plate equation. Since true instability is impossible 
under such conditions, final failure was assumed to take place when the maximum stress 
reaches the yield point. A tentative design formula was proposed, which involved relations 
suggested by the theory but was based on experimental data. 
Bruhn [10] performed a large number of experiments on thin-walled circular Cellu­
loid cylinders. First, preliminary tests were conducted to determine the modulus of elastic­
ity of Celluloid sheet, the effect of temperature on the modulus of elasticity, the effect of 
creep of Celluloid sheet under stress, and the effect of repeated buckling failures on the 
original buckling strength. Second, several cylinders with a wide variety of lengths, diame­
ters, and wall thickness were examdned in pure compression, pure bending, pure torsion act­
ing separately and in combination and of such magnitude to cause failure. Results were util­
ized to develop an additive regression mathematical model for the ultimate strength 
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interaction equations for cylinders subjected to combined bending and compression, com­
bined compression and torsion, combined compression, bending and torsion. 
Lo et al. [11] investigated the effect of internal pressure on increasing the bucking 
resistance of aluminum cylindrical shells. He conducted a group of tests on axially loaded 
cylinders with various internal pressures. Experimental results showed that internal pres­
sure had an appreciable strengthing effect on the cylinder. A theoretical analysis based on 
large deflection theory was also made. The theoretical solution involved the solution of four 
simultaneous nonlinear equations. This procedure was based on the conservation of energy 
approach, which is an extension of Tsien's buckling criterion. The theoretically predicted 
increase of the compressive buckling stress due to internal pressure agreed fairly well with 
the experimental results with an average difference of 15%. The discrepancy between test 
and theory was attributed to geometric and material imperfections and to energy absorbed 
by the loading machine. 
Weingarten et al. [5] presented the results of an extensive experimental program on 
the stability of axially loaded cylindrical and conical shells made of Mylar polyester sheets. 
The elastic buckling stresses obtained from experiments fell within or near the scatterband 
obtained from other data in the literature. A lower bound design curve was obtained for cy­
lindrical and conical shells, which relates the buckling stress to the shell r/t ratio in a power 
regression model. 
Bruns [12] investigated the effect of the stress-strain relationships on the buckling of 
closed shells of revolution when subjected to an external pressure loading. He conducted 
both static and impulsive external pressure tests on shells with r/t ratios that ranged from 
130 to 960. All specimens were formed from aluminum alloy of constant thickness. Half of 
the specimens were annealed and the other half were then heat treated. Experimental results 
indicated that shell buckling was independent of the material yield strength until the maxi­
mum membrane stresses yielded a biaxial stress state equal to the material yield stress. This 
was the maximum value of membrane stress any shell withstood before it buckled to a sec­
ond equilibrium position. This means that the buckling stress was below the Von Mises 
yield stress and buckling took place in the elastic range or when the biaxial stress reached 
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the Von Mises yield condition. No axisymmetric buckling mode shapes were obtained dur­
ing either the static or impulsive buckling tests. All buckles were of the nonaxisymmetric 
type. On the other hand, the bucking mode developed in the shell that was subjected to an 
impulsive external pressure was a function of the natural period of the shell relative to the 
duration of the impulse. 
Horton et al. [13] developed a new approach for testing axially loaded cylinders us­
ing a rubber mandrel located inside the shell at a distance equal to the shell thickness from 
the inner shell wall. By means of this device it was possible to elastically buckle the shell 
until the shell is completely filled with buckles. Experiments were conducted on electro-
formed nickel cylinders under axial compression. Results showed that the buckling strength 
is less than that given by the classical theory. This was because of initial geometric imper­
fections which caused buckling in the form of localized dimples rather than a uniform sine 
or cosine waves over the whole cylinder length. It was shown that the variation of the rate 
of change in number of buckles as a function of the applied load followed a Gaussian distri­
bution. The mode of the Gaussian curve was located at a load level which agreed very 
closely with the critical buckling load computed from the classical formula. This seemed to 
be a substantial support to the small displacement theory results when the cylinder is full of 
buckles. 
Weingarten et al. [14] conducted an extensive experimental program on the stability 
of cylindrical and conical shells subjected to a combined internal pressure and axial load. 
Test results for elastic, pressurized cylinders under compression indicated that the load car­
rying capacity of cylinders increases with the increase of the internal pressure. The vari­
ation of the net load with the internal pressure was found dependent on the r/t ratio of the 
cylinder, and curves suitable for design were obtained. Experimental buckling loads ob­
tained for conical shells were in good agreement with small deflection theory and indicated 
that the end support conditions were more important for cones than cylinders. 
Arbocz et al. [15] conducted an experimental and theoretical investigation of the ef­
fect of general imperfections on the buckling load of a circular cylindrical shell under axial 
compression. This was accomplished by carrying out complete imperfection surveys on 
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electroformed brass shells before and during the buckling tests. The initial imperfections 
were found to be dominantly composed of lower order modes (i.e., few axial and circum­
ferential waves ). The amplitudes of the higher order modes were in general very small in 
the order of one percent of the shell wall thickness or less. There was a pronounced growth 
of the imperfection components with long wave lengths in the axial direction and short 
wave lengths in the hoop direction. The number of hoop waves in the prebuckling state was 
identical to that in the postbuckling state. However, the number of axial waves increased in 
the postbuckling state. It was shown that the mode of prebuckling deformation that contrib­
uted to the reduction of the buckling load had many Fourier coefficients designated as the 
"critical modal components". An approximate solution of the nonlinear Donnell-type shell 
equations was obtained with the initial random imperfections being represented by three 
terms of the critical modal components, one axisymmetric and two asymmetric. For global 
buckling, theoretical and test results were in good agreement. 
Carlson et al [16] performed some experimental studies on the buckling of complete 
spherical shells with r/t ratios of 1570 to 2120 which were produced by electroforming. The 
spherical shells were subjected to a uniform external pressure. There was a large discrep­
ancy between test results and classical theory. For specimens of good quality and for opti­
mum testing conditions, buckling pressures up to 86% percent of the classical value were 
obtained. The effect of the loading system was also investigated and no difference in buck­
ing pressures was determined. It was concluded that buckling behavior was strongly influ­
enced by the nature and severity of initial imperfections, i.e., low buckling pressures can be 
correlated with the presence of severe flaws or nonuniformities. 
Arbocz et al. [17] investigated the buckling behavior of stringer and ring stiffened 
cylindrical shells under axial compression. Complete mapping of the shell imperfections 
and the prebuckling growth were obtained as reported earlier in [15]. Lightly ring-stiffened 
shells were determined to behave similar to isotropic unstiffened cylinders with the pre­
dominant prebuckling deformation composed of half wave in the axial direction and several 
circumferential waves. On the other hand, the prebuckling deformation of heavily ring stiff­
ened cylinders was mainly composed of short wave length axisymmetric mode. Buckling in 
all cases of ring stiffened cylinders resulted in an asymmetric bucking pattern. The stringer 
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stiffened shells showed a prebuckling behavior also similar to the isotropic shell results. 
However, the buckling pattern consisted of longer axial wave lengths. The comparison of 
the experimentally determined buckling loads with linear buckling theory showed good 
agreement in most cases. 
Tennyson et al. [18] developed a new design criteria for predicting buckling loads of 
thin-walled cylinders subjected to axial compression. The criteria evolved from a combined 
analytical and experimental program dealing with the effects of various distributions of 
both asymmetric and axisymmetric imperfections in shape on the buckling behavior of cyl­
inders. The analytical solution was based on an extended Koiter's theory in which the pre­
diction of the buckling load of cylinders with axisymmetric and asymmetric imperfections 
was cast in terms of the imperfection power spectral density function that corresponded to 
an exponential cosine autocorrelation peaked at the critical frequency. 
The buckling of ring stiffened cylinders was also included in this work. In general, it was 
demonstrated that accurate buckling loads can be predicted based on the knoweldege of the 
imperfection power spectral density function. 
Tennyson et al. [19] presented a new design procedure to determine a conservative 
estimate of the bucking strength of laminated anisotropic circular cylinders under axial 
compression. The procedure was based on test values of the buckling load and the corre­
sponding imperfection profile for fourteen three-ply, glass-epoxy cylinders containing ran­
dom imperfections of small mean square amplitude. The analysis was accomplished by 
characterizing the random imperfection in terms of an equivalent axisymmetric imperfec­
tion components. Such imperfection components were utilized in Koiter's special theory for 
axisymmetric imperfections which is valid for imperfections of the order of the shell wall 
thickness. Good agreement was found between theory and experiment for the range of im­
perfection amplitudes encountered. 
Bushnell [7] provided a good review and summary of shell buckling and related top­
ics. The objective was to convey a feel for shell instability and whether it be due to 
nonlinear collapse, bifurcation, or a combination of these modes. Emphasis had been placed 
on practical shell structures which were segmented, branched or discontinuous. A brief 
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summary of the basic concepts of shell buckling, including nonlinear behavior caused by 
plasticity and large deformations, stiffener effect, residual stress effect, imperfection sensi­
tivity and local versus general instability were presented. Asymptotic imperfection theory 
was summarized with some examples of collapse and bifurcation of cylindrical and spheri­
cal shells. Emphasis was made on the sensitivity of these shells to initial imperfections. 
Cases of nonlinear collapse were presented and compared to the linearized bifurcation 
buckling model. A brief discussion followed on axisymmetric shells in which failure was 
due to bifurcation buckling at which material and geometric nonlinearities in the 
prebuckling state were important. The effect of boundary conditions and load eccentricities 
on shell buckling were discussed by describing the case of a large corrugated cylindrical 
panel in which failure took place as local crippling rather than general instability due to 
boundary effects. A description of buckling of stiffened shells was presented to reveal mo­
dal interaction effects that reduce the bifurcation buckling load. Some details of a design 
procedure for axially compressed cylinders with or without internal pressure was finally 
presented. This procedure, which was set forth by a group of investigators, was based on 
curvature-modified, wide-column formula and Koiter's special theory. Bushnell included in 
this summary a good collection of test data conducted by other investigators together with 
numerical solutions conducted by B0S0R5 finite difference package. 
Miller [20] presented a summary of the results of over 100 buckling tests that were 
performed in the USA on unstiffened and stiffened fabricated steel cylinders. A set of equa­
tions for predicting the buckling stresses of fabricated cylinders was established. These 
equations compute the buckling stress as the product of the classical buckling stress, capac­
ity reduction factor that accounts for geometric imperfection, and plasticity reduction factor 
that accounts for material nonlinearities and residual stresses. These equations were later 
adopted by the ASME Code Case N-284 [21] and the API specifications for design of 
cylindrical shells [22], The shell geometries include unstiffened, ring stiffened, stringer 
stiffened cylinders. The loading conditions considered are axial compression, external pres­
sure, axial tension combined with hoop compression and axial compression combined with 
hoop compression. 
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2.3.2 Effect of imperfections on buckling of shells (theoretical studies') 
Hutchinson [23] investigated the effect of geometric imperfections on the initial post 
buckling behavior of externally pressurized spherical shells. The theoretical investigation 
was accomplished in the context of Koiter's general theory of postbuckling behavior (Sec. 
2.2.3.2). Imperfections in the shell geometry were shown to have the same severe effect on 
the buckling strength of spherical shells as had been demonstrated by many investigators 
for axially loaded cylinders. Imperfections were modeled as an interaction between an 
axisymmetric and an asymmetric buckling modes of the perfect sphere. Large reductions in 
the buckling pressure were determined as a result of small imperfection amplitudes relative 
to the shell thickness. 
Thompson [24] presented a preliminary theoretical work towards the development of 
a complete general statistical theory of imperfection-sensitivity in the elastic post-buckling 
regime. A general conservative structural system was described by n generalized coordi­
nates, a loading parameter and an imperfection parameter. The structure was assumed to 
exhibit either an asymmetric or an unstable-symmetric point of bifurcation. A general sta­
tistical distribution was introduced for the magnitude of the imperfection parameter, and as­
ymptotic relationships were derived for the distribution of failure loads in the two bifurca­
tion points. The distinguishing features were observed, and the relative insensitivity of the 
results to the local form of the imperfection distribution was noted. 
Roorda [25] examined the buckling of imperfection-sensitive structures from a statis­
tical point of view. On the basis of a mathematical relation between the buckling load and 
the imperfection shape, the dependence of the statistical parameters of the critical load dis­
tribution upon the respective parameters of the imperfection distribution was established. It 
was shown that the statistics of the bucking load are highly dependent on the mean and the 
dispersion about the mean of the imperfections. The problem of the probability of failure at 
a certain nominal load and its dependence on the degree of uncertainty of both load and im­
perfections was addressed. The probability of failure was determined on the basis of a nor­
mal distribution for geometric imperfections for two classes of structures, namely, symmet­
ric and asymmetric structures. 
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Eraser et al [26] studied the buckling behavior of an ensemble of infinitely long col­
umns, with random initial imperfections, resting on nonlinear elastic foundation. The initial 
imperfections were assumed to be Gaussian stationary random functions of an exponential-
cosine autocorrelation function. The differential equation for the infinite column was solved 
with the method of equivalent linearization to determine the buckling load in terms of the 
imperfection power spectral density function. Contours of the buckling load were plotted 
versus imperfection parameters. Results indicate that when the imperfection power spectral 
density function reduces to a dirac delta function at a unit frequency, i.e., half wave length 
that corresponds to the first classical buckling mode, the buckling load was brought to a 
minimum. 
Roorda et al. [27] analyzed the dependence of buckling load on the statistics of initial 
geometric imperfections of axially loaded cylindrical shells from a statistical point of view. 
The buckling load was related to the axisymmetric random imperfection mean amplitude 
utilizing Koiter's deterministic results as a nonlinear transfer function between the imper­
fection and the buckling load distribution. The mean critical load and its standard deviation 
were obtained as functions of the mean, standard deviation and skewness of the imperfec­
tion distribution. The analytical procedure developed in this study was utilized to determine 
the failure probability of an axially loaded cylinder for various imperfection statistics. 
Hansen [28] formulated the concept of almost sure and reliability for elastic systems. 
The latter concept was utilized to study the stability problem of imperfection sensitive sys­
tems in which both the initial imperfection and the applied loads were random quantities. 
Using Koiter's approach and restricting the analysis to the first order approximation yields 
some results that could be applied to a wide variety of systems. This study revealed that if 
the applied load and the initial imperfections were assumed to be Gaussian processes, then 
the reliability of the imperfect system can be determined in terms of the mean and 
autocorrelation of the imperfections and the mean and standard deviation of the applied 
load. A compressed beam of finite length on a nonlinear elastic foundation was used as an 
illustrative example to the analysis. 
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Hansen [29] extended Koiter's axisymmetric solution by including asymmetric im­
perfections of a general form. The buckling of an axially loaded cylindrical shell was con­
sidered with imperfection components corresponding to all of the classical buckling modes 
taken into consideration. It was demonstrated that the inclusion of asymmetric imperfec­
tions can lead to intermodel behavior which results in severe reductions of the critical load. 
Bifurcation and limit loads were both examined in this work and in this examination it was 
concluded that both axisymmetric and asymmetric imperfections played an equally impor­
tant roles in reducing the buckling strength of axially loaded cylinders. 
Gellin [30] investigated the effect of sinusoidal axisymmetric shape imperfections on 
the plastic buckling of a long cylinder under axial compression. The load at which the 
axisymmetric state bifurcates to the nonsymmetric state was determined as a function of the 
imperfection amplitude and ratio of the material yield stress to the classical buckling stress. 
Imperfection-sensitivity in the plastic range was contrasted with that in the elastic range. It 
was concluded that the effect of plasticity is negligible when the material yield stress was 
greater or equal to twice the classical buckling load. On the other hand, it was noted that a 
significant reduction in the imperfection-sensitivity at small imperfection amplitudes when 
buckling took place in the plastic range. 
Arbocz et al. [31] showed that it is possible to associate characteristic imperfection 
distributions with the different manufacturing process by conducting a detailed initial im­
perfection surveys on cylinders produced by different fabrication techniques. The measured 
initial imperfections were considered as random functions of the axial and circumferential 
coordinates. This was done by expanding them in terms of the buckling modes of the asso­
ciated perfect structures and then treating the Fourier coefficients as random variables. The 
imperfection data were assembled in two imperfection data banks and were used to com­
pute the mean vector and the variance-covariance matrix of the Fourier coefficients for 
groups of cylinders fabricated with the same method. A large set of randomly imperfect 
cylinders was generated numerically by the Monte Carlo Method. The buckling load for 
each shell was computed by a deterministic buckling analysis. Results were utilized to cal­
culate the reliability function of cylinders fabricated with a certain manufacturing proce­
dure. The reliability function can be utilized to evaluate the allowable load for the whole 
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ensemble of shells produced by a given manufacturing process, defined as the load level for 
which the desired reliability is attained. 
Arbocz et al. [32] utilized the established international imperfection data bank to 
characterize initial imperfection distributions associated with different cylinder fabrication 
techniques. A stochastic method was presented using the first-order, second-moment analy­
sis, whereby the stability of isotropic, orthotropic, and anisotropic nominally circular cylin­
ders under axial compression, external pressure, and/or torsion possessing random imper­
fections can be evaluated. Results of initial imperfections measurements were presented in 
Fourier series and the Fourier coefficients were used to construct the second order statisti­
cal properties needed, such as the imperfection power spectral density function. The buck­
ling loads were determined using the STAGS finite difference package with satisfaction of 
the boundary conditions. By the use of this stochastic approach, theoretical findings and 75 
years of practical experience were combined via the advanced computational facilities cur­
rently available. 
2.3.3 Stochastic simulation of random geometric imperfections 
Coppa [33] and Arbocz et al [34] utilized a rotating transducer to measure initial im­
perfections of large and small scale fabricated cylindrical shells. The sensing tip of the 
transducer was located at a distance r from the center of the cylinder. If there were a slight 
perturbation from the perfect surface, the sensing tip will be displaced. These displacements 
were automatically recorded on an oscillograph versus circumferential position. The modal 
components of the measured imperfection surface were computed as a function of the cir­
cumferential and axial wave numbers. The discrete axial power spectral density functions 
and the corresponding root-mean-square values of the imperfections were also determined 
for a given circumferential wave number to simulate random realistic imperfections. Using 
the Fourier coefficients of the measured initial imperfections, buckling loads were com­
puted by solving the nonlinear Donnell-type imperfect shell equations iteratively. 
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Yang [35] showed that random processes simulated by using a series of sine or co­
sine functions were an asymptotically Gaussian processes as the number of terms, N, of the 
sine or cosine functions approaches infinity. The accuracy of the first order probability den­
sities of the simulated random processes was investigated by using the Fast Fourier Trans­
form. Numerical results were obtained with respect to the number of terms, N, of the sine 
or cosine functions used in the simulation. It was shown that within the practical range of 
N, such as 500, the accuracy was remarkably satisfactory even outside the range of three 
standard deviations. The investigation of the second-order probability densities by the Fast 
Fourier Transform was described in detail. The results of this work is vitally important for 
determining the applicability and practicality of methods for simulating random processes. 
Almorth et al. [36] conducted numerical experimentation of axially loaded stiffened 
cylindrical panels to establish and modify code recommendations for ring stiffened cylin­
drical shells. The analysis was conducted using the finite difference package STAGS. The 
STAGS built-in random imperfection generator was utilized to simulate random imperfec­
tion profiles for examined cylindrical panels. The initial imperfection was defined as the 
sum of a number of harmonics with decaying amplitude for short wave length components. 
The random imperfection mathematical model was provided with two independent random 
phase shift angles one in the hoop and one in the axial direction. A scaling constant was 
also provided to ensure that the generated imperfection amplitude will meet the code maxi­
mum tolerance. The Monte Carlo method was utilized to determine the scaling constant. 
In work not directly applied to shells, Grigoriu [37] used a family of trignometric 
polynomials with correlated Gaussian coefficients to approximate a general nonstationary 
Gaussian process on an arbitrary bounded interval. The probabilistic characterization of the 
Gaussian coefficients were obtained from the Fourier expansion of the covariance function 
of the random process. It was shown that the polynomials can match the distributions of the 
nonstationary random process to any degree of accuracy provided that the order of the poly­
nomials is sufficiently large. An algorithm for the generation of the trignometric polynomi­
als was developed and an illustrative example of its use was also provided. 
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2.3.4 Buckling of shells using the finite difference method 
Staikidis [38] presented a numerical approach using the finite difference method for 
the study of the nonlinear buckling of shallow cylindrical shells. The governing differential 
equations were expressed in terms of a stress function and the normal displacement. The 
Kantorovitch method and a finite difference scheme were applied to solve the resulting set 
of nonlinear differential equations. In this procedure the differential equations were reduced 
to a set of central difference equations confining the range of the independent variables to a 
network of mesh points along the meridional direction of the cylinder. An incremental tech­
nique was used to linearize the resulting system of simultaneous equations and a computer 
program in FORTRAN IV was implemented for the numerical solution of the problem. 
Various cylindrical shells with different r/t ratios were examined. The first maximum on the 
load deflection curve was taken as the critical load for the symmetric case. The lowest root 
of the characteristic equation was taken as the critical load for the asymmetric case. Nu­
merical results indicated that shallow cylinders subjected to normal pressure buckle sym­
metrically until its thickness passes a value below which bifurcation buckling appears. 
Ball et al [39] utilized the SATANS finite difference package in the analysis of im­
perfect cylindrical shells subjected to axial compression. The perfect shell case was solved 
to validate the numerical solution. Results were found to be sensitive to the number of sta­
tions. The solution converges to the correct solution as the number of stations increases. In 
order to demonstrate the applicability of the program, it was used to compute the buckling 
load of two randomly imperfect cylinders for which test results were available. The bound­
ary conditions in the numerical solution were adjusted to simulate test conditions. Com­
puter results overestimated the buckling strength of cylinders because of the coarse mesh 
used in the analysis. The number of stations was restricted to forty eight station because of 
memory limitations. The authors outlined a numerical procedure to determine the buckling 
load of imperfect shells. 
Bushnell [40] used the B0S0R5 finite difference program to predict the buckling 
load of forty axially compressed mild steel cylindrical shells. The 15 inch diameter shells 
had radius to thickness ratio of 500, 375 and 250. First, imperfections were neglected in the 
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numerical solution, the average ratio of the numerical buckling load to that determined by 
test was 1.28 with a standard deviation of 0.145. When a sinusoidal axisymmetric imperfec­
tions, with amplitudes similar to measured imperfections, were incorporated in the analysis 
the average ratio of the numerical buckling load to that determined by test was 1.005 with a 
standard deviation of 0.118. With the application of axisymmetric imperfections in 
unstiffened cylinders, buckling was nonsymmetric in a manner analogous to that predicted 
by Koiter's theory for elastic shells. Axisymmetrically imperfect shells with closely spaced 
rings buckled by axisymmetric collapse in most cases and by general nonsymmetric insta­
bility in a few cases. Inclusion of the axisymmetric imperfections in the numerical solutions 
leads to buckling loads that agreed qualitatively with test data. Inclusion of plasticity in the 
material model of the numerical solution decreases the buckling load considerably, even 
though the average stress is still in the elastic range. The comparison between test and finite 
difference solution validates the numerical solution. 
Arbocz et al [41] presented a brief summary of several analysis types used to predict 
the buckling behavior of imperfect shells. Both simplified analytical methods and refined 
computer codes based on the finite difference energy formulations (BOSOR and STAGS) 
were discussed and used. One stringer stiffened cylindrical shell was studied. The problem 
was solved by each method and results were compared to test results. The numerical solu­
tion incorporated the measured initial imperfections. Comparison of results validated the 
combination of the measured imperfections with the currently available nonlinear analysis 
capabilities. Based on these findings a new analysis procedure for the selection of the 
"knockdown" factors was established and proposed to replace the empirical "knockdown" 
factor based on experimental data lower bound. 
Villard et al. [42] presented the results for buckling of a stiffened cylindrical shell 
with cutouts and both isotropic and composite shells without cutouts acting under pure 
bending moments. The STAGS-C finite difference software was utilized in the analysis. 
The boundary condition and moment loading enforced a planar rotation of the end plates of 
the cylinder while requiring that they remain circular. The analysis of the numerical results 
indicated that the use of a [0°,90°] laminate reduced the effect of boundary conditions and 
exhibited higher resistance than the respective isotropic cylindrical shells. The circumferen­
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tial buckle pattern wavelength due to bifurcation under axial loading was the same as that 
for bifurcation due to bending. 
2.3.5 Buckling of shells using the finite element method 
Bergan et al. [43] developed a doubly curved nonlinear quadrilateral shell element 
that is well suited for the stability and large deflection zmalysis of plates and shells. Equilib­
rium and incremental equations for nonlinear analysis were formulated using the Von Kar-
man strain expressions for plates and the Marguerre shallow shell theory. Emphasis was 
placed on the specific matrix formulation, thereby obtaining a highly efficient method that 
is well suited to computers. Illustrative examples of postbuckling of a plate subjected to 
pure shear and snap through of a shallow shell were provided. 
Ecer [44] established a unified treatment of the numerical analysis of postbuckling 
behavior, based on the matrix formulation of structural analysis. A third order large dis­
placement analysis was employed to derive the incremental equilibrium equations. A per­
turbation analysis was conducted to compute the critical buckling using the finite element 
models. The postbuckling behavior was determined from the direct solution of linear sys­
tem of algebraic equations. The postbuckling analysis of a funicular arches and columns 
were presented to demonstrate the generality and applicability of the numerical technique. 
Mak et al. [45] developed a refined curved beam element well suited for buckling 
analysis of imperfect arches. The element stiffness matrix was formulated in terms of La-
grangian variables from a general variational principle. The element stiffness matrix con­
tained Lagrangian strain, first and second order incremental strain and imperfection terms. 
The element stiffness matrix can be evaluated by numerical integration for an arch with 
random imperfections and variable curvature, however, for circular perfect arches, it can be 
represented in a closed form. Numerical examples of snap-through buckling of two hinged 
planar arch was provided and compared to existing solutions. 
Riks [46] developed an efficient numerical solutions of nonlinear equilibrium equa­
tions of elastic systems under conservative loading conditions. Unlike other solution strate­
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gies, the new method considered the loading parameter as an additional unknown. The 
length of the equilibrium path was used as a control parameter which means that the new 
equilibrium state is determined as the intersection of the equilibrium path of the structure 
with a circular arc having its center located at the previous converged equilibrium state. 
This feature, together with the second order iteration method of Newton, offered a reliable 
basis for Riks method. The critical points along the equilibrium path were also computed 
by expanding the stability determinate in terms of Taylor series to determine the load incre­
ment that will cause the value of the stability determinate to vanish. The new numerical 
technique can determine the equilibrium path beyond the critical points and has provided 
the capability of tracing either the fundamental or post buckling paths. Actual computations 
were carried out on a finite element model of a shallow circular arch. 
Crisfield [47] modified the Riks method [46] so that it is suitable for use with the 
finite element method. The procedure was applied in conjunction with the modified 
Newton-Raphson method in both its original and accelerated forms. The resulting technique 
improved the convergence characteristics of the iterative procedure. Illustrative examples 
of shallow elastic shells and collapse of a stiffened steel diaphragm from a box girder 
bridge were provided. 
Schneider [48] illustrated the use of scale models to verify buckling results obtained 
from finite difference and finite element models. Perfect and imperfect circular cylindrical 
plastic scale models were fabricated and tested in pure axial compression, external pressure 
and combined axial compression and external pressure. The elastic buckling analysis was 
accomplished using B0S0R4 finite difference and ABAQUS finite element software. 
Comparison of results revealed an excellent agreement between test and numerical results 
with a maximum percentage difference of 4.4%. Both analysis showed that axisymmetric 
imperfections were the worst imperfections for axially loaded cylinders and resulted in re­
ducing the buckling strength to 40% of the classical buckling load when the imperfection 
amplitude was 30% of the cylinder thickness. On the other hand, asymmetric imperfections 
similar to a buckling mode of the perfect cylinder were the worst imperfections for exter­
nally pressurized cylinders. 
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CHAPTER 3. VERIFICATION OF STABILITY ANALYSIS USING 
THE FINITE ELEMENT METHOD 
3.1 Introduction 
The rapid development of computers and computer programs during the last few dec­
ades has made possible the stability analysis of complicated structures by use of numerical 
techniques such as the finite element method or the finite difference method. Consequently, 
interest in the theoretical solutions of the classical buckling theory has diminished. Never­
theless, the classical solution can be used for the verification of the numerical solutions. Dur­
ing the last few years, the development has thus been directed towards establishing efficient 
routines for numerical analysis of large nonlinear system of equilibrium equations with the 
capability of predicting the critical points and the shell behavior in the postbuckling state and 
at failure. An efficient method of solution was developed by Riks in 1979 (Appendix B). 
In the present chapter, the general purpose finite element program ABAQUS [49] 
(version 5.3) was used in the finite element analysis. Linear bifurcation analysis in 
ABAQUS was examined by solving a perfect cylinder under axial load. The solution was 
compared to the results obtained using classical buckling theory (Sec. 2.2.1). Inelastic buck­
ling analysis with a nonlinear prebuckling state was examined by solving a two hinged uni­
formly loaded circular arch (Appendix B). The results were verified by comparison to avail­
able data in the published literature. The inelastic buckling analysis of an axially loaded 
imperfect cylinder was also conducted. The cylinder was provided a nonsymmetric eigen 
mode imperfection and a nonlinear constitutive relation. Mesh sensitivity studies with h-
refinement were conducted until a converged model was obtained. The choice of the finite 
element model parameters in the remainder of this work will be based on the results of the 
mesh sensitivity study in this chapter. 
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3.2 Elastic Buckling of Perfect Cylinder Under Axial Load 
The problem of a perfect thin circular cylinder under axial load was used to verify 
the linear bifurcation analysis in ABAQUS. The cylinder has a radius, r, of 100 in., wall 
thickness, t, of 0.2 in. and length of 100 in. The Batdorf parameter, Z, (Sec. 2.2.1) is 477, i.e. 
greater than 2.85 and the classical solution (Eq. 2.19) can be utilized. The shell material is 
steel, with elastic modulus, E, equals to 29x10^ psi. and Poisson's ratio, v, equals to 0.3. 
From Eq. 2.17 , the critical stress, a^, was 35103 psi. The corresponding buckled shape can 
also be determined using Eq. 2.16 which relates the axial and circumferentail wavelength pa­
rameters m and n, respectively. 
3.2.1 Model parameters 
The finite element model used in the analysis is illustrated in Fig. 3.1. The cylinder 
was modeled using the eight noded isoparametric curved shell element S8R5 recommended 
for thin shell applications [49]. The element had five degrees of freedom per node (three dis­
placement components and two in surface rotation components). The reduced integration 
scheme is used to compute the element stiffness matrix. 
A segment of the cylinder that subtends 10 degrees at the center was modeled. The 
model consists of eight elements in the hoop direction and forty five elements in the axial 
direction. All the elements had an aspect ratio of one and a characteristic length of 0.5(rt)"^. 
Symmetry boundary conditions were imposed along the two vertical edges. The upper and 
lower edges were simply supported and the axial pressure was applied at the upper edge as 
equivalent nodal forces. In the prebuckling state, the radial displacements at the lower and 
upper edges were permitted to mimic the theoretical simplification of a uniform increase in 
diameter before buckling (Sec. 2.2.1). However, when the stability of the cylinder was 
checked the radial displacement component was restrained at the upper and lower edges. 
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Fig 3.1 Finite Element Model For a Segment 
of the Cylinder 
3.2.2 Analysis procedure 
The linear bifurcation analysis was conducted in two steps. In the first step, an initial 
axial stress. Op , is applied to load the shell to just below the buckling load. The initial stress 
was selected arbitrarily to be 80% of the critical stress, This is a linear static analysis 
where the equilibrium equations were solved for the nodal displacements. The prebuckling 
deformations (axial shortening and uniform radial expansion) were verified with the solution 
obtained from the linear membrane shell theory [50]. The second step is an eigenvalue ex­
traction with a small perturbation axial stress, Oq, which was selected to be one eighth of the 
initial stress, Op. In the finite element context, the classical eigenvalue buckling problem 
may be stated as follows [51]; 
= {0} (3.1) 
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where [K,,] is elastic stiffness matrix of the shell, [Kg] is the initial stress and load stiffness 
matrix, is the load multiplier associated with the i"^ eigen mode, {<[>;} is the buckling 
mode shape (eigen vector of the i'*'eigen mode). The critical buckling stresses are given by; 
ac = ap+X^.aQ (3.2) 
In this step, the radial displacement component was restrained for all the nodes at the upper 
and lower edges to match with the theoretical boundary conditions (Sec. 2.2.1). 
3.2.3 Verification of results 
Figure 3.2 illustrates the first four buckling modes obtained from the finite element 
analysis. The first two buckling modes are chess board buckling modes where axial and cir­
cumferential waves are formed. The third buckling mode is the axisymmetric buckling mode 
(elephant's foot) where sine waves are formed along the cylinder meridian. The fourth buck­
ling mode is a chess board buckling mode with longer waves in the axial direction. The criti­
cal buckling loads and the associated buckling mode parameters (number of half waves in 
the axial direction, m, and the number of the full waves in the hoop direction, n) are listed in 
Table 3.1. Since only a 10 degrees segment was modeled and symmetry boundary conditions 
were imposed along the vertical edges, n was restricted to multiples of eighteen full waves in 
the finite element solution as shown in Table 3.1. Comparison of these results shows an ex­
cellent agreement between the buckling load predicted using the finite element and the clas­
sical methods. 
3.3 Inelastic Buckling of an Imperfect Cylinder Under Axial Load 
Inelastic buckling analysis which incorporates geometric and material nonlinearities 
can be accomplished in the finite element context by nonlinear static analysis. The load is 
applied on increments and the nonlinear system of equilibrium equations are solved itera-
tively uptill a converged solution is obtained. The nonlinear static analysis in ABAQUS is 
conducted using the constant arc length method or Riks method (Appendix B). In this 
method, the solution can be obtained beyond the critical points along the fundamental path 
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(b) 
Fig 3.2 a) First Eigen Mode b) Second Eigen Mode 
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(d) 
Fig 3.2 (continued) c) Third Eigen Mode d) Forth Eigen Mode 
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or the post buckling path of the structure (see Fig. 2.1). This method has the capability of 
predicting the location of the critical loads at which the structure ceases to be stable, such as 
bifurcation points. However, the buckled shape at the bifurcation point (if any) must be ob­
tained by conducting an eigenvalue extraction at a load level just before the bifurcation load. 
Table 3.1 Comparison of Results 
Mode Critical Load (psi) Buckled Shape 
Finite 
Element 
Theory 
Eq.(2.17) 
% Error F.E.M. Eq. (1.16) 
m n m n 
1 35065 35103 0.11 9 18 9 18.7 
2 35082 35103 0.06 10 18 10 17 
3 35086 35103 0.05 13 0 12.9 0 
4 35230 35103 0.36 3.2 18 3.2 17.5 
3.3.1 Problem definition 
The cylinder has the same geometric configurations as described in Sec. 3.2 except 
that it was provided an initial geometric imperfection. The imperfection has the shape of the 
first nonsymmetric eigen mode (Fig. 3.2a) with eighteen full waves in the hoop direction and 
nine half waves in the axial direction. The maximum amplitude of the imperfection meas­
ured from the perfect configuration was equal to one half of a shell thickness as per the 
American Society of Mechanical Engineers (ASME) Boiler and Pressure Vessel Code [21]. 
The effect of residual stresses (i.e., material imperfection) was introduced in the model by 
applying the stress strain relation [52,57] depicted in Fig. 3.3 in which the proportional limit 
equals to 0.55 of the yield stress. 
3.3.2 Mesh eeneration procedure 
A finite element model was constructed for the imperfect cylinder using the eight no-
ded shell element S8R5 in ABAQUS. A segment of the cylinder that subtends 20 degrees at 
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the center was modeled. Symmetry boundary conditions about the circumferential axis were 
applied at the two vertical edges whereas simply supported boundary conditions were ap­
plied at the lower and upper edges for both the prebuckling and buckling solutions. The axial 
load was applied as nodal forces at the upper edge. Mesh sensitivity study with h-refinement 
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Fig 3.3 Material Constitutive Relation 
was conducted seeking the convenient element size and aspect ratio that would produce ac­
curate results and consume reasonable run time and storage requirements. Five mesh con­
figurations A, B, C, D, and E were studied (Figs. 3.4 to 3.8). The five meshes were formed 
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such that the area of the elements was progressively doubled from Mesh A to Mesh E. This 
was accomplished by doubling the size of the elements in the hoop direction in one mesh 
configuration followed by doubling the size of the elements in the axial direction in the 
other. Table 3.2 summarizes the parameters of the five mesh configurations. The five 
meshes were compared with respect to the size of the elements in the hoop and axial direc­
tion, the element aspect ratio, wave front, root mean square (RMS) of the wave front, storage 
space required per analysis and per load increment. 
3.3.3 Analysis procedure 
The nonlinear static analysis was conducted using the constant arc length method 
(Appendix B) which may be simply described as moving along the load displacement curve, 
yielding both load and displacements corresponding to an equilibrium state. In this case, the 
solution follows the fundamental or the primary path of the imperfect shell (see Fig. 2.1) and 
no bifurcation buckling takes place. The cylinder is gradually loaded until the structure be­
comes unstable and starts unloading. The solution is then terminated after passing the limit 
load by two or three load increments to make sure that the maximum load was reached. The 
load versus the axial shortening of the cylinder is recorded together with the deformed shape 
at the limit load. 
The stability analysis was repeated by terminating the nonlinear static analysis at a 
load level just below the collapse load and carrying out an eigenvalue problem to obtain the 
buckled shape of the cylinder, similar to the technique used in Sec. 3.2. The eigenvalue ob­
tained from the eigen value analysis is compared to the limit load obtained from the 
nonlinear static analysis using the Riks technique. 
3.3.4 Finite element results 
Figures 3.9 to 3.13 illustrate the deformed shape of the cylinder at the limit load ob­
tained using Mesh A to Mesh E respectively. As the cylinder was gradually loaded, the 
Fig 3.4 Mesh A 
Fig 3.5 Mesh B 
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Fig 3.6 Mesh C 
Fig 3.7 Mesh D 
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Fig 3.8 Mesh E 
Table 3.2 Five Mesh Parameters 
Mesh Parameter Mesh A Mesh B Mesh C Mesh D Mesh E 
No. of Elements 720 360 176 88 44 
Element Size in 
Axial Direction 
0.5(rt)"^ 0.5(rt)"^ l.O(rt)"^ l.O(rt)"^ 2.0(rt)"-
Element Size in 
Hoop Direction 
0.5(rt)"- I.O(rt)"^ l.O(rt)"- 2.0(rt)"- 2.0(rt)"-
Aspect Ratio 1.0 2.0 1.0 2.0 1.0 
No. of Variables 18018 9282 4590 2430 1242 
Wave Front 234 138 138 90 90 
RMS Wave Front 231 137 135 89 87 
Storage/analysis* 53.5 16.87 5.94 1.49 0.74 
Storage/increment* 13.1 6.70 3.25 1.65 0.84 
*Units are in megabytes 
Fig 3.9 Deformed Shape of Mesh A 
Fig 3.10 Deformed Shape of Mesh B 
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Fig 3.11 Deformed Shape of Mesh C 
Fig 3.12 Deformed Shape of Mesh D 
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Fig 3.13 Deformed Shape of Mesh E 
deformed shape remained identical to the imperfection shape but with uniform increase in 
magnitude along the entire cylinder together with axial shortening. Once the limit load was 
reached, the deformations increased dramatically in a nonsymmetric fashion. The figures in­
dicate that the maximum displacement took place at the top near the loaded edge in the form 
of excessive radial displacement. The deformed shapes shown in Figs. 3.9 to 3.13 are, in 
fact, the assembly of the uniform component of the displacements in the prebuckling state 
and the nonuniform component that appeared when the cylinder lost its stability [2]. Figure 
3.14 illustrates the load versus the axial deflection curves of the cylinders obtained from the 
five meshes. The load was normalized with respect to the classical buckling load for the per­
fect cylinder, (Eq. 2.17 ). For initially imperfect cylinders, the critical load was reduced 
by as much as 60%. Figure 3.14 indicates that refining the element grid leads to a better esti­
mation of the limit load and the solution appears to be converging whereas using a coarse 
mesh (Mesh E) overestimates the strength and the stiffness of the shell. The load deflection 
curves and the limit loads obtained from Mesh A, B, and C were approximately identical 
thus proving convergence of the solution. 
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Fig 3.14 Load Deflection Curve of Imperfect Cylinder 
Figure 3.15 illustrates the variation of the limit load with respect to the mesh con­
figuration. The figure indicates that there is no significant change in the limit load (less than 
1.5%) when the size of the elements was doubled in the hoop direction from Mesh A to 
Mesh B or From Mesh C to Mesh D. However, when the size of the elements in the axial 
direction was doubled from Mesh D to Mesh E the limit load was increased by 3%. 
To compute the nonuniform incremental displacement configuration at the limit load, 
the analysis was repeated using a nonlinear static analysis followed by an eigen value prob­
lem (Sec. 3.3.3). The mode shape obtained by the eigen value analysis represents the 
nonsymmetric incremental displacement that appears as soon as the cylinder reaches the 
limit load. Figures 3.16 to 3.20 illustrate the mode shape obtained using Mesh A to Mesh E 
respectively. Each shape was normalized with respect to its maximum value and plotted 
from the undeformed cylinder reference surface. The maximum incremental displacement 
component took place at the top near the loaded edge as indicated earlier from the total 
McNh A 
Mesh B 
Mesh C 
Mesh D 
Mesh E ! 
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deformed shapes (see Figs. 3.9 to 3.13). The wavelength of the mode shape in the axial di­
rection is twice the imperfection wavelength which is consistent with Koiter's theory [2] . 
The eigen value obtained by the eigen value extraction (Eq. 3.2) was slightly greater than the 
limit load obtained from the nonlinear static analysis because nonlinear effects are not in­
cluded in the eigen value portion of the solution. 
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Fig 3.15 Limit Load for the Five Mesh Configurations 
Based on the mesh sensitivity study, the results obtained using Mesh A and Mesh C 
were almost identical with respect to the deformed shape, the limit load and the load deflec­
tion curve. However, the storage requirements and run time were significantly reduced using 
Mesh C (see Table 3.2). Consequently, Mesh C configuration will be used in the inelastic 
buckling of axially loaded cylinders with random imperfections in the following chapters. 
This means that a full imperfection wave will be divided into four shell elements or more. 
Mesh A MeshB McshC Mevh D 
Mesh Configumtion 
Me.sh E 
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Fig 3.16 Buckled Shape of Mesh A 
Fig 3.17 Buckled Shape of Mesh B 
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Fig 3.18 Buckled Shape of Mesh C 
Fig 3.19 Buckled Shape of Mesh D 
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Fig 3.20 Buckled Shape of Mesh E 
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CHAPTER 4. STOCHASTIC SIMULATION OF GEOMETRIC 
IMPERFECTIONS 
4.1 Introduction 
In this chapter a mathematical model for random imperfections of known probabilis­
tic properties is developed. The mathematical model was constructed by superposition of 
harmonic functions with various deterministic parameters and random variables. Since the 
characteristics of the basic building block and the method of superposition were completely 
specified, the statistics of the final model were obtained. 
The characterization of the final model was established by assuming a damped co­
sine autocorrelation function to produce a spectral density function, PSD, for realistic im­
perfections [31,34]. The frequency range of the model PSD is dependent on the average 
and the standard deviation of the imperfection wave frequency. On the other hand, the mag­
nitude of the PSD depends on the allowable imperfection amplitude. Once the final model 
of the PSD is established, it can be used to generate the so-called artificial cylinder samples 
which have stationary and ergodic random imperfections. This is similar to imperfections 
in cylinders fabricated by the same manufacturing process. The model can produce either 
axisymmetric random imperfections or general imperfections that have axial and 
circumferentail frequency components. In the succeeding chapter, the buckling load for all 
the artificial imperfect cylinders was obtained numerically ( Sec. 3.3 ) to demonstrate the 
effect of varying the PSD parameters on the buckling load. 
4.2 One Dimensional Random Imperfections 
A mathematical model will, first, be established to generate geometric imperfections 
that are functions in one spatial variable, i.e., one dimensional imperfections. This model is 
suitable to generate axisymmetric imperfections or imperfections that vary in the circumfer­
ential direction only. 
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4.2.1 Choice of random process model 
The one dimensional random process Z(x) was simulated by a series of sine func­
tions as follows: 
Zix) = > a.-sin((yj: + 0.) 
tf ' ^ ' (4.1) 
where x is the spatial independent variable, ttj is the amplitude of the i'*' sine function,. cOj is 
the circular frequency of the i'''sine function, n is the number of sine functions and Gj is the 
phase angle of the i'*'sine function. The circular frequency, (Oj, and the amplitudes, ttj, are 
deterministic. Their magnitudes are obtained from a discretized version of an assumed PSD 
(Sec. 4.2.3). The values of cOj and ttj are kept constant for every sine function. The phase 
angles, 6;, are random variables with a uniform distribution that ranges from zero to 2K. The 
probability density function of 0j, p(0i), is given as follows (see Fig. 4.1); 
= ii 0 < (9. < 2jr 
= 0 otherwise 
The phase angle is random, but, once it is selected, it is kept constant for every harmonic. 
The simulated random process, Z(x), is an asymptotically Gaussian process as the number 
of terms, n, approaches infinity [35]. However, it was shown [35] that the accuracy of the 
first order probability density of Z(x) are acceptable for n equals to 200 terms. Table 4.1 
[35] compares the cumulative probabilities of Z(x) with that of a Gaussian process. When 
the number of terms is greater than or equal to 200. the error in simulation is only 2% at a 
threshold level of three standard deviations. Therefore, the value of n was selected to be 200 
in this work. 
PO)' 
1 
TK 
r 
0 2K 
Fig 4.1 Probability Density Function p(6) 
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Table 4.1 Probability Distribution of Simulated Random Process 
00 
P{ma) - / p{x,a)dx 
''ma 
n a 2a(10'') 3a(10"^) 40(10"^) 5a(10"^) 
50 0.1593 0.2262 0.1250 0.2348 0.1303 
100 0.1590 0.2269 0.1301 0.2748 0.1992 
150 0.1589 0.2271 0.1318 0.2887 0.2280 
200 0.1588 0.2273 0.1326 0.2957 0.2420 
300 0.1588 0.2274 0.1334 0.3028 0.2586 
400 0.1588 0.2274 0.1339 0.3064 0.2668 
500 0.1587 0.2275 0.1341 0.3086 0.2713 
Gaussian[35] 0.1587 0.2275 0.1350 0.3157 0.2867 
4.2.2 Random process statistics 
The statistics of one term of Z(x) will be first presented which will lead to the entire 
process statistics. Consider the random function z(x) modeled by one sine wave: 
z{x) = a sin(a);c + 6) — o o < x < o o  (4.3) 
in which 0 is the only random variable with uniform probability, p(0) ( Eq. 4.2 ). 
The ensemble mean, E(z(x)), is given by: 
j2jt 
E[z{x)] =cc sin(<yjc + 0)p{6)dd (^-4) 
= ^ 1 sin(£Oj: + 6)d6 
= 0 
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The ensemble n\ean square, E(z^(x)), is given by; 
.2jr (4.5) 
Elz^ix)] = a^ sin^(ct)j: + 6)p(6)d6 
Jr\ 
•'0 
2 
The autocorrelation function, R^CA), of the process is: 
R^iA) = I sm{(ox + 6)sin(Q}{x + A) + 0)p{d)dd (4.6) 
1) 
2 
= ^co&ifoA) 
Therefore, the averages of z(x) are independent of x, hence it is a stationary process. One 
can obtain the temporal statistics [54] of z(x) to check its ergodity by assuming a sample of 
length X and computing the important averages of the sample as X approaches infinity. The 
temporal mean, <z(x)> is given by: 
^z(x)) = lim ^ j a sin(<oj: + 6)dx 
= 0 
The temporal mean square, <z^(x)> is computed as follows: 
(^ z^ x)^  ~  ^ sin^ (a;j: + 0)<ic (4.8) 
a2 
2 
The temporal autocorrelation function, <E>(A) is as follows: 
(j)(A) = Jim ^ / tt^sin(a)x + 0)sin(w(j[:+ 4) + 0)d[r (4.9) 
2 
= Ycos(<y4) 
From Eqs. 4.4 to 4.9 the process is stationary and ergodic. Since z(x) has a zero mean, the 
variance is equal to the mean square ( Eq. 4.5 or 4.8 ). 
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The random process Z(x) (Eq. 4.1) is defined as the sum of independent stationary 
random processes with zero mean and no cross-correlation function. Hence, the important 
averages of Z(x) can be derived from the averages of the individual sine functions by 
superposition [53]. Therefore, from Eq. 4.4 the mean value of Z(x) is given by: 
E{Z{x)) = 0 (4.10) 
From Eq. 4.5 the mean square is given by: 
E(z\x)) = (4.11) 
/=1 
The auto-correlation function is given by: 
n ^2 
R^(A) = ^cos(aj^) (4.12) 
1=1 
The variance is equal to the mean square ( Eq. 4.11) because the mean equals zero. 
4.2.3 Artificial sample generation 
On the basis of Eq. 4.1, artificial random sample functions can be generated if the 
ensemble PSD function is given. Since the PSD, S(CO), is regarded as the distribution of the 
mean square in the frequency domain [54], therefore: 
/
oo 
Sico)d(o (4-13) 
«JI 111 n U15(-1CIC lui iii: 
E(z\x)) = 2^ S((0.)A (O (4.14) 
;=1 
where Aco equals to (co„^, - (o„). Note that the positive values of co are considered since S ( C L ) )  
is always a real even function. Equating Eqs. 4.14 and 4.11 one can obtain the following: 
a. = y/AS{(o^)Ao} (4-15) 
and, therefore: 
n 
Z(x) = y^y/4S(Q)-)Aci) s'm{a)fc + 9-) (4.16) 
/=l 
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The generation of artificial random samples can be conducted by dividing the positive fre­
quency axis of S((o) into n equal intervals as shown in Fig. 4.2. and computing S((o) at the 
middle of each interval. The amplitudes, a;, are computed from Eq. 4.15 and used with the 
corresponding frequencies, cOj, to compute Z(x) at any given value of x by Eq. 4.1. 
S(co) 
Fig 4.2 Subdivided Ensemble Spectral Density Function S((o) 
4.2.4 Power spectral density function of initial imperfections 
The spectral density function of initial imperfections will be established assuming 
that the auto-correlation function (Eq. 4.12) is asymptotic to a decaying cosine function of 
the following form [26]: 
Rzi^) = cos(y4) (4.17) 
where y, P are constants which depend on the mean frequency and kurtosis of S(«)). Since 
S(co) is defined as the Fourier transform of R^(A)/27i:, the value of S(CL)) can be computed as 
follows: 
_ c P(<o'^+p^-yy^) (4.18) 
to''+2Q3^—y2)co2+(/3^+y2)~ 
where c is a nondimensional quality constant. This autocorrelation (Eq. 4.17) occurs fre­
quently in random noise and communication theory [26]. Figures 4.3 and 4.4 illustrate R^(A) 
and S((0) respectively. 
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Fig 4.3 Exponential Cosine Auto-Correlation Function 
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Fig 4.4 Spectral Density Function of one Dimensional Random Process 
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4.2.4.1 Properties of the spectral density function The significant properties of S((o) will 
be summarized below assuming a unit quality constant. 
1. It is a real and even function of co. If 37^<P^, S((0) has a maximum at the ori­
gin and decreases monotonically for (O > 0.0. At the origin, the value of S(co) is 
given by: 
Si(o) = , C4 im 
2. If 3'Y'>P , S(o)) has a symmetric maxima at CO = oj* where; 
CO* = + y2)5 [ 2 y -  +  y 2 ) k \  (4.20) 
and the value of S((o) at these maxima is: 
Sic') = -A_ (4.21) 
4y( 03"+}'2)2_ y) 
When Y»P . S(co) is strongly peaked at its maxima which will occur at co=^ 
and the value of S(a)) at the maxima reduces to: 
2y-S(co) = i 1-
4y2+i3-
(4.22) 
Figure 3.4 illustrates that the kurtosis of S(co) about the peak increases as y/P 
increases. 
3. S((B) represents the distribution of the mean square ( Eq. 4.11) in the fre­
quency domain. Therefore, by definition: 
/?(0) = £:(Z^(x)) 
= / S(co)dco (4.23) 
J—CO 
Substituting Eq. 4.18 in Eq. 4.23 and performing the integration yields the fol­
lowing: 
E(Z\x)) = 71 (4.24) 
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4. The average frequency,To, is defined as the frequency at which the first mo­
ment of area under S(co) about the vertical axis (in Fig. 4.4) equals zero. It can 
be obtained as follows: 
(O o)S(fij)du} (4.25) 
For the case when 7 » p, the value of S((o) is insignificant at co > Sy and can 
be neglected. Therefore changing the upper integration limit to Sy, the average 
frequency was computed as: 
^ 2/3 CO = K (4.26) 
Equation 4.26 reduces to y when P approaches zero and y» p. 
5. The mean square frequency, (O^, is defined as the frequency at which the sec­
ond moment of area under S(co) about the vertical axis (Fig. 4.4) equals zero. It 
can be obtained as follows: 
CO'' 71 co^S(co)d(o 
(4.27) 
Substituting Eq. 4.18 in Eq. 4.27 and performing the integration one obtains: 
co2 = _ 2.3y+ (4.28) 
6. The standard deviation of frequency, is defined as follows: 
= ((y2- co^)2 
Substituting Eqs. 4.26 and 4.28 in Eq. 4.29 and simplifying yields; 
(4.29) 
„ _ 2/? r I.15yjr , ,4 
^(o = It ^— + —7^2 5) J-
¥ r' (4.30) 
7 1  
When P approaches zero and y » P, the value of given by Eq. 4.30 reduces 
7. The area, A, subtended under S(co) between (o>-aJ and (co+ctJ, can be ob­
tained by integration as follows: 
The ratio of A to the total area under S((o) represents the contribution of the har­
monic functions in that bandwidth to the mean square of imperfections. As y/p 
increases from 5 to 100, the ratio of A to E(Z^(x)) increases from 75% to 94% 
and the kurtosis of S((a) increases. When y/p approaches infinity S(co) reduces to 
a dirac delta function at co = y and the ratio of A to E(Z^(x)) reaches 100%. Un­
der this condition the random process, Z(x) is composed of one sine function with 
frequency equals to y. The largest frequency, (co+aj in the bandwidth under the 
area A will be designated as maximum effective frequency, (O^^, whereas the 
smallest frequency in the bandwidth will be designated as the minimum effective 
frequency, a)„^. 
4.2.4.2 Determination of the spectral density parameters The values of y and P can be 
determined if 5 and either co^gor are known. The frequency information for the imper­
fection must be estimated from real measurements. For this purpose, it may be useful to 
think in terms of wave lengths of imperfections rather than frequency. Now, frequency is 
equal to 2K divided by the wave length, or the mean frequency of the imperfection is given 
in terms of the mean wave length of the imperfection, k3(rt)"\ as: 
to: 
(4.31) 
S{(o)du) 
(4.32) 
(4.33) 
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where is the average nondimensional wave length paranieter. From Eq. 4.26 and based on 
the assumption of large y/p ratio, one can compute y as follows: 
,, _ 2jr 
^ ~ k^yfTt (4.34) 
Similarly, the value of can be determined from the minimum effective nondimensional 
wave length parameter, as follows: 
= k;^ rH (4.35) 
From Eqs. 4.26 and 4.31 one can compute P as: 
P = 
_ 71^ (^me ^a) (4.36) 
2y/~Tt t2 u 
"•me '^a 
The value of p can be similarly determined by replacing k^^ in Eq. 4.36 by the maximum 
effective nondimensional wave length parameter, k associated with O) 
4.2.5 Determination of the aualitv constant 
The quality constant, c, is related to some imperfection tolerance. The ASME code 
[21] recommends that the maximum deviation from the nominal dimensions of the shell 
shall not exceed one times the shell thickness for thin shells over a template length of ap­
proximately 4(rt)"" as shown in Fig. 4.5. The value of c is chosen such that the probability 
of acceptance is not less than 90%. 
In this work, the quality constant was related to the maximum deviation from the 
template, (Fig. 4.5) by Monte Carlo method. Equations 4.16 and 4.18 were imple­
mented in a software developed by this author to generate 2000 samples. The only output of 
the software is the maximum deviation along the template length. 
The value of for each sample was normalized by the standard deviation, , of 
the whole process (Sec. 4.2.2) as follows: 
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where rij is the nondimensional maximum deviation of the i'"^ sample with i ranging from 1 
to 2000. The probability density function of Tij is obtained numerically from the output data 
as shown in Fig. 4.6 and the value of Ti^ that has a cumulative percentage probability of 90% 
is obtained. From Eqs. 4.11 and 4.37 one can compute c corresponding to 90% acceptance 
as follows: 
c -
^ASME 
r>it4 
1=1 
(4.38) 
where is the maximum allowable deviation as per ASME code ( one shell thickness 
for thin shells ), is the nondimensional maximum deviation with 90% probability. The 
value of c was computed for every S(a)) defined by k and either k,„^ or k . 
4(rt) max 4 (It) 
b) Along the circumference 
with a circular template 
a) Along Axial Direction 
with a straight template 
Fig. 4.5 Methods of Measuring Shape Deviations of Cylindrical Shells 
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4.2.6 Verification and numerical application 
The PSD of Eq. 4.18, and the corresponding one dimensional random process, Eq. 
4.1, were verified by comparison to measured imperfection data available in literature 
[31,34]. Results of imperfection surveys on an aluminum cylinder were expanded in half 
wave cosine functions [34] using the conventional Fast Fourier Transform. The geometric 
properties of the cylinder are provided in Table 4.2. The Fourier coefficients were used to 
draw the discrete [34] axial PSD for any wave number, N , in the hoop direction. Figure 4.7 
illustrates the PSD of the axisymmetric imperfection wave component derived from meas­
ured data [34], The PSD had a peak value at (o equals to 0.078 in ' corresponding to an im­
perfection wave length of 33.03(rt)"^ in [34]. The value of (O^,. corresponded to an imperfec­
tion wave length of 22.0 (rt)"^ in. The parameters y and P were obtained by setting and 
k^g equals to 33.03 and 22.0, respectively, in Eq. 4.36. 
The quality constant, c was computed to be 8.435IxlO '^CSec. 4.2.5). The computed 
PSD was in a good agreement with that obtained by experiment as shown in Fig. 4.7. Nu­
merical results are summarized in Table 4.3. 
75 
Table 4.2 Geometric Properties of the Aluminum Cylinder [34] 
Length of cylinder, L 81.0 in 
Wall thickness, t 0.1 in 
Radius of curvature, r 60.0 in 
r/t ratio 600 
L/r ratio 1.35 
0.06 
o • Experimental PSD 
kme = 18 
kme = 22 
kme = 25 
0.05 
0.04 
CO 0.03 
0.02 
O.Oi 
0.00 
0.30 1.00 0.05 0.10 0.15 0.20 0.25 
0) 
Fig 4.7 PSD of an Aluminum Cylinder (N=0) 
Table 4.3 PSD (N=0) Calculations of an Aluminum Cylinder 
PSD parameter, y 0.0776 in' 
PSD parameter, P 0.0154 in ' 
Maximum Allowable Deviation, 0.10 in 
Nondimensional extreme range with 90% prob., 1.990 
Quality constant, c 8.4351x10-^ 
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4.3 Two Dimensional Random Imperfection 
The one dimensional random imperfection model (Sec. 4.2) was generalized to a two 
dimensional random imperfection model. Hence, it can generate random imperfections that 
vary in the axial and hoop direction. 
4.3.1 Choice of random process 
The two dimensional imperfection generator was formulated as follows: 
where x and y are two spatial independent variables, ttjj is the imperfection wave amplitude, 
CO; is the frequency in the x-direction or axial direction, cOj is the frequency in the y-
direction or hoop direction, n and m are number of harmonic functions in the x and y direc­
tions respectively, 0^ is a random phase angle with uniform distribution (Eq. 4.2 and Fig. 
4.1). The amplitudes, ttjj and the frequencies CO; and cOj are all deterministic values which are 
obtained from the PSD function. The phase angle, 9jj is a random variable, but once it is 
selected, it is kept constant for every cosine function. Similar to the one dimensional ran­
dom process, the process Z(x,y) is asymptotic to a Gaussian process as the number of cosine 
functions n and m in the x and y directions approach infinity. The value of n and m in this 
work will not be less than 200 terms (see Table 4.1). 
Similar to the one dimensional random process, artificial random samples can be 
generated from the PSD. The positive frequency domain is divided into n equal intervals 
along the frequency component, (Oj and m equal intervals along the frequency component, 
COj. The magnitude of the PSD at the middle of each division is computed. The amplitudes, 
ttjj are computed using the following relation; 
n m 
(4.39) 
(4.40) 
where AcO; and Aco^ are the frequency increments in the x and y direction, respectively. 
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4.3.2 Random process statistics 
Since 0^^ is tiie only random variable in Z(x,y), the important averages of Z(x,y) are: 
1. The ensemble mean: 
E{Z{x,y)) = EE®"-; cos{o}fc + (Djy + dij)) (4.41) 
i=\ j=l 
= 0 
2. The ensemble mean square: 
n m 
E(Z (x,y)) = '^Y^EialjCos^ico^ + (Ojy + Oij)) 
i=l j=\ 
n m 
= EE  ^
f=i j=\ 
Since the mean value is zero, therefore the variance, a^*, is equal to the mean 
square given by Eq. 4.42. 
3. The autocorrelation function 
n m 
R2(Ax,Ay) = y^y~^ Y cos.(AjfiD^+Ay(Oj) (4.43) 
/=l /=i 
Therefore, the random process Z(x,y) is stationary, as all the important averages are inde­
pendent of the spatial variables x and y. Similar to the one dimensional process, it can be 
proven that the temporal statistics and the ensemble statistics are identical which indicates 
that the process is ergodic as well (see Sec. 4.2.2). 
4.3.3 Power spectral densitv function 
The PSD of Eq. 4.18 was generalized to describe the distribution of the mean 
square, E(Z'(x,y)), in the two dimensional frequency domain as follows: 
S{^ co.,a}) = 
' ' (wf+2(fi]-y})wj+(^ -yy})-)(a)f+20j-yj)a)j+0j-\yjy) (4.44) 
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where c is the nondimensional quality constant, Y; and Yj are parameters that describes the 
mean frequencies in x and y directions, respectively, Pj and are parameters that describes 
the kurtosis of PSD along the cOj and cOj axis, respectively. 
4.3.3.1 Properties of the power spectral density function Figure 4.8 illustrates the PSD 
generated using Eq. 4.44. The main properties of the PSD can be summarized as follows; 
1. When Y' » Pj and Yj » Pj, the PSD has four symmetric maxima at cO; = Yi 
and Wj = Yj. The value of S((Oj,cOj) at these maxima is; 
5(G).,a>y) = y^} 
'^ yj+Pj 
(4.45) 
2. S(C0i,C0j) represents the distribution of E(Z^(x,y)) in the frequency domain. 
Therefore, the area under S((0j,C0j) is the mean square and can be computed as 
follows; 
/
OO .00 
1 S((o^ ,coj)dco^ do)j 
CO •'—00 
(4.46) 
= 
3. Similar to the PSD of the one dimensional process, the average frequency in 
the X direction reduces to Yj when Y » Pj and the average frequency in the 
y-direction reduces to y- when YJ » Pj • 
4. The mean square and standard deviation of cO; and (Oj can be obtained as dis­
cussed in Sec. 4.2.4.1. Equations 4.28 and 4.31 can be used to compute the 
mean square frequency and the standard deviation of the frequency in each di­
rection separately. 
4.3.3.2 Parameters of the power spectral densitv function The PSD parameters, Yj. Yj> Pj 
and Pj can be computed using and either k^^ or in each direction (Sec. 4.2.4). The 
quality constant, c, is also based on the ASME imperfection tolerance using the Monte 
Carlo method (Sec. 4.2.5). 
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Fig 4.8 Power Spectral Density Function in 2D 
4.3.4 Verification and numerical application 
The PSD of imperfections in the aluminum cylinder [34] of Sec. 4.2.6 was compared 
to the PSD function of Eq. 4.44. The PSD of the aluminum cylinder was characterized by 
two peaks corresponding to zero and nine imperfection waves in the hoop direction [34]. 
Since the PSD of Eq. 4.44 can only have one peak in the positive frequency domain, it will 
be compared to the discrete axial PSD of the aluminum cylinder at N equals to nine as illus­
trated in Fig. 4.9. 
For the generation of PSD of Eq. 4.44, the mean wave length parameter in the hoop 
direction, k^^j was set to 17.1 and the minimum effective wave length parameter in the hoop 
direction, was set to 17.0 to resemble a case of nine imperfection waves in the hoop 
direction. On the other hand, the mean wave length parameter in the axial direction, k^, was 
set to 66.13 and k^^.; was set to 45.0 to produce the shape of the measured PSD. The PSD 
parameters, Yj, Yj, Pj and p. were computed knowing k^j, k^j and Results are tabu­
lated in Table 4.4. The computed PSD was in good agreement with the discrete axial PSD 
as shown in Fig. 4.9. Both PSD functions were peaked at the same frequency in the hoop 
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and the axial directions. The imperfection pattern generated by the PSD of Eq. 4.44 is illus­
trated in Fig. 4.10 which clarifies the dominance of nine waves in the hoop direction. It 
should be noted that the magnitude of the PSD from Eq. 4.44 is dependent on the value of 
the minimum wave length parameter, as the quality constant, c, will change as men­
tioned earlier in Sec. 4.2.6. Hence, the PSD (Eq. 4.44) used to generate artificial imperfect 
cylinders can resemble realistic PSD functions when adequate values of the mean and mini­
mum effective imperfection wave frequencies in the axial and hoop directions are known. 
Table 4.4 PSD (N=9) Calculations of an Aluminum Cylinder 
PSD Parameter, ji 3.879x10- in' 
PSD Parameter, Pi 6.90x10-- in ' 
PSD Parameter, "yj 0.150 in-' 
PSD Parameter, Pj 8.580xl0-Mn-' 
Maximum Allowable deviation 0.1 in. 
Nondimensional extreme range with 90% prob., r|o 4.6799 
Quality Constant, c 4.37x10"' 
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Fig 4.10 Geometric Imperfections Generated 
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CHAPTER 5. ELASTIC BUCKLING OF AXIALLY LOADED CYLINDRICAL 
SHELLS WITH RANDOM IMPERFECTIONS 
5.1 Introduction 
In this chapter, the effect of random geometric imperfections on the elastic buckling 
of axiaily loaded cylinders was investigated. The analysis was conducted using the finite 
element method (see Chapter 3) to determine the buckling load for four hundred and twenty 
imperfect cylinders with five radius to thickness ratios. The random imperfection generator 
of Eq. 4.1 was used to generate cylinders with one dimensional imperfections in the axial ( 
i.e., axisymmetric imperfections ) and hoop directions, whereas that of Eq. 4.39 was used to 
generate cylinders with general random imperfections. The most effective PSD parameters 
were determined by a sensitivity study on the buckling load. These parameters were 
changed to alter the shape of the imperfection pattern in all the imperfect cylinders to simu­
late the effect of different manufacturing procedures. 
Mean values as well as confidence intervals for the buckling loads of the artificial 
samples containing random initial imperfections were obtained. The finite element results 
displayed trends that had been observed experimentally by many investigators [5,20,22]. 
The finite element results together with the available test data were used to evaluate the de­
sign criteria of the Code Case N-284 [21], It was concluded that the geometric imperfec­
tions play a vital role in the determination of the critical load statistics and that this role var­
ies with the shell radius to thickness ratio. In the succeeding chapters, a detailed statistical 
evaluation of the effect of the imperfection shape on the buckling load of axiaily loaded cyl­
inders is conducted to obtain the worst imperfection configuration. 
5.2 Finite Element Mesh Parameters 
5.2.1 Mesh parameters of cylinders with one dimensional imperfection 
The finite element model was constructed for the imperfect cylinders as described in 
Sec. 3.3.3. The results of the mesh sensitivity study presented in Sec. 3.3.4 were applied to 
determine the element sizes that provide accurate results and consume a reasonable amount 
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of computational effort. Tiie finite element mesh was first constructed such that a node is 
located at the imperfection peak of wrinkles and lobes as shown in Fig. 5.1. The distance 
between these nodes was then divided with intermediate nodes such that the size of the ele­
ments along the imperfection axis does not exceed (rt)"". In the other perpendicular direc­
tion, in which the cylinder geometry does not change, the elements size was selected to be 
(rt)"^. This method of discretization may lead to a large element aspect ratio, consequently, 
the size of the elements in the perfect direction was adjusted so that the aspect ratio does not 
exceed four. As discussed in Chapter 3, the aspect ratio has an insignificant effect on the 
accuracy of the results within limits. 
5.2.2 Mesh parameters of cylinders with two dimensional imperfection 
The finite element mesh used in modeling cylinders with general imperfections was 
constructed by discretizing the cylindrical segment into equal divisions in the hoop and ax­
ial directions. The elements size in either the hoop or the axial direction was selected to be 
one fourth of the minimum effective imperfection wave length in the respective direction. 
The elements size was also restricted from exceeding (rt)"^ in both directions (Sec. 3.3.4). 
1.00 
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Nodes at imperfection peaks 
0.50 
Imperfect Mendinn 
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1 0.00 
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-0.50 
-1.00 
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Axial Coordinate (in) 
Fig 5.1 Nodes Along an Imperfect Cylinder Meridian 
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5-3 Sensitivity of Buclcling Load of Cylinders to Imperfection Parameters 
The sensitivity of the buckling load of cylinders to the imperfection parameters were 
investigated. The imperfection parameters are the maximum peak to peak amplitude, 
(Fig. 4.5), the average wave length parameters in the axial and hoop directions, k^^j and k^^-
(Eq. 4.34), and the kurtosis of the imperfection PSD in the axial and hoop directions, y/P; 
and Yj/Pj (Fig- 4.4). These parameters were selected because they can fully describe any ran­
dom imperfection pattern. In the following sections, the assessment of the imperfection pa­
rameters together with the influence of each parameter on the buckling load of cylinders 
will be investigated. 
5.3.1 Assessment of imperfection parameters 
The imperfection parameters were evaluated by monitoring the variation in the buck­
ling load for twenty imperfect cylinders having identical k^j, k^^-, y/Pj and y/Pj. The cyl­
inders geometric configurations are listed in Table 5.1. All the imperfection patterns were 
generated using the two dimensional random imperfection generator with the same PSD 
function. 
Table 5.1 Geometric Configuration of Cylinders 
Length of Cylinder, L 100 in 
Wall Thickness, t 0.20 in 
Radius of Curvature, r 50 in 
Imperfection Amplitude, 0.20 in 
Wave Length Parameter, k^ 2.205 
Wave Length Parameter, k^j 4.457 
Kurtosis of PSD, y/Pj 2.77 
Kurtosis of PSD, y/Pj 101.5 
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The ratio of the buckling load of the imperfect cylinder to the classical buckling load 
for the perfect cylinder, A,p, was obtained for every imperfect cylinder by using the finite 
element method (Sec. 3.3.2). Results indicated that Xp ranged from a minimum value of 
0.377 to a maximum value of 0.515 with an average of 0.406. The standard deviation of Xp 
was 0.0013 and the standard deviation of the mean [55] was 0.0003. 
The coefficient of variation of Xp was 0.32 %. The above discussion confirms that the statis­
tical variation in the buckling load is insignificant for all imperfect cylinders generated us­
ing the same imperfection parameters. Therefore, it is sufficient to describe the imperfection 
pattern with k^, k^^, y/P; and y/pj. 
5.3.2 Effect of the maximum imperfection peak to peak amplitude 
The effect of on the buckling load of cylinders was investigated. The same cyl­
inder configurations listed in Table 4.1 were utilized. The value of Z^^ was varied from 
0.02 in. to 0.60 in. and the corresponding buckling load was computed. All other imperfec­
tion parameters were kept constant. Results are depicted in Fig. 5.2, where was normal­
ized with respect to t and plotted versus the buckling load factor, ^p. Figure 5.2 indicates 
that Ap is highly dependent on There is a 45% reduction in ?ip as Z^^ increases from 
0.02 in. to 0.60 in. The rate of reduction of A,p decreases at high values of Similar 
behavior was also obtained by other investigators [2,7], 
5.3.3 Effect of the average imperfection wave length parameters 
The effect of the average imperfection wave length parameter, k^j, along the cylinder 
meridian was investigated by changing its value from 10.0 to 1.0, keeping other imperfec­
tion parameters identical. Sample points A to D, which correspond to k^| equals 10.0 to 1.0, 
respectively, are illustrated on the frequency domain in Fig. 4.3. Figure 5.3 also indicates 
the locus of the buckling mode shapes of the perfect cylinder (Eq. 2.16). Similarly, k^j was 
varied from 1.0 to 15.0, which are indicated in Fig. 5.3 by sample points E, C, F and G. The 
buckling load was obtained for all the sample points of Fig. 5.3 using the geometric 
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configuration of Table 5.1 except for different values of or k^j. Figure 5.4 illustrates the 
effect of k^ on A,p. The value of A,p was reduced by 37% when k^j was increased from 1.0 at 
point D to 10.0 at point A. This shows that A.p decreases as the imperfection pattern ap­
proaches the buckling mode locus (Fig. 5.3). The same behavior was determined when the 
effect of k^j was investigated as shown in Fig. 5.5. The value of A,p decreased by 41% when 
kjjj was increased from 1.0 at point E to 15.0 at point G. This behavior is consistent with 
Koiter's theory [2]. 
87 
<Of\/ri 
"IF" 
£•(0.454.1.0) 
Locus of Buckling Mode Shapes 
• — Sensitivity Study Samples 
,0.224) (0.2,0.224) 
• • 
(1.0,0.224) (0.454)0.224) 
0.224 
F 4 (0-454,0.10) 
0^(0.454,0.07) 
0.145 0.290 0.454 
Fig 5.3 Locus of Buckling Mode Shapes on the Frequency Domain ^ 
0.50 
0.45 
0.30 I 1 1 1 — 1 
0.0 2,0 4.0 6.0 «.0 10.0 12.0 
Fig 5.4 Effect of on Critical Load Factor 
88 
0.6 
o 
3 0.5 
ou c 
u 
ea 
0.4 
0.3 
0.0 4.0 B.O 12.0 16.0 
Fig 5.5 Effect of k . on Critical Load Factor w aj 
5.3.4 Effect of the kurtosis of the imperfection PSD 
The kurtosis of the imperfection PSD is a measure of frequency content of the imper­
fection pattern. The ratios Y/Pj and Yj/Pj were used (see Sec. 4.2.4) to quantify the kurtosis of 
the PSD along the cylinder meridian and circumference, respectively. When Y/P increases, 
the frequency content decreases until the imperfection pattern reduces to one sine wave 
when Y/P approaches infinity. On the other hand, decreasing Y/P adds more frequency com­
ponents to the imperfection pattern until it reaches white noise when Y/P approaches zero. 
In this section, the ratios Y/Pj and Yj/Pj were varied by changing k^^j and k^^j respec­
tively, to investigate their effect on Xp. The same cylinder configurations of Table 5.1 were 
utilized except y/Pj and Y/Pj were varied. Figure 5.6 illustrates the variation of A,p with Y/Pj • 
Although, Y/Pi was increased from 2.77 to 121.18, Xp increased by only 8.2 %. This indi­
cates that Yj/Pj has an insignificant effect on Xp . The same behavior was determined when 
the effect of y/Pj was investigated as shown in Fig. 5.7. The buckling load factor, ?ip, in­
creased by only 12 % when y/Pj was increased from 2.8 to 104.6. 
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From the above discussion, the imperfection parameters, k^j, k^j, y/Pj and y/Pj 
are sufficient to describe the imperfection pattern as well as the buckling load of the cylin­
drical shell. The effect of k^j and k^j on A,p is dominant whereas y/P; and yj/pj have a 
less influential effect. 
Jj ».42 
().4() 
Fig 5.6 Effect of Kurtosis of PSD Along cOj on Critical Load Factor 
Fig 5.7 Effect of Kurtosis of PSD Along (Dj on Critical Load Factor 
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5.4 Generation of Artificial Samples 
In light of the sensitivity study of the previous section, four hundred and twenty arti­
ficial samples were generated with r/t ratios of 100, 500, 1000, 1600 and 2000. The values 
of kji and were changed over a wide range to simulate cylinders with various im­
perfection patterns. The test points for the artificial sample generation are depicted in the 
frequency domain in Fig. 5.8. The artificial samples include cylinders with axisynmietric, 
hoop and general imperfections as shown in Fig. 5.9. More samples were selected near the 
locus of the buckling modes to capture the reduction in A,p as the imperfection pattern ap­
proaches a buckling mode. The value of was selected such that it meets the ASME 
criteria for 90% of the generated samples (see Sec. 4.2.5). 
For every artificial sample, the ratios Y/Pj and Yj/Pj were varied only four times due to 
their limited effect on ^p. The values of Y/Pj and Yj/pj were selected randomly in the range 
from 2.0 to 10,000 with a uniform probability. With this wide variety of imperfection pat­
terns and r/t ratios, the scatter in Xp due to geometric imperfection can be evaluated and 
compared to experimental results and code provisions as presented in the following sec­
tions. 
5.5 Finite Elements Results 
The elastic buckling analysis of the artificial samples showed that the buckling load 
was less than that computed by the classical theory (Eq. 2.17). The buckled shape was 
formed of localized dimples at the largest imperfection location rather than a uniform sine 
wave over the whole cylinder (see Fig. 3.16). 
5.5.1 Statistical evaluation of results 
The finite element results were evaluated by computing the mean value of Xp, E(Xp), 
and its 95% confidence intervals, C.I., for all r/t ratios. The scatter of A,p was assessed by 
computing its standard deviation, and coefficient of variation, COV. A lower bound of 
A,p was obtained using the minimum buckling load factors for all r/t ratios. Results are listed 
91 
1.0 
Locus of Buckling Mode Shapes 
• Artificial Samples Points 
0.8 
0.6 
0.4 
0.2 
0.0 
0.8 0.6 0.0 0.2 0.4 
yt 
Fig 5.8 Selected Test Points For Artificial Sample Generation 
in Table 5.2. The mean value, E(A.p), which reflects the central tendency of A,p, shows that 
the buckling load decreases with the increase of the r/t ratio. The 95% confidence intervals 
of E(X,p), which are computed using the student t-distribution [55], are narrow compared to 
the range of Xpfrom unity to the lower bound (see Table 5.2). This was attributed to the 
small value of the standard deviation of E(A,p). On the other hand, the values of and COV 
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Table 5.2 Statistical Evaluation of Finite Element Results 
r/t E(XP) 95% G.I. GOV 
% 
Lower 
Bound 
Lower Upper 
100 0.8161 0.7996 0.8326 0.0759 9.30 0.600 
500 0.5991 0.5654 0.6328 0.1548 25.84 0.216 
1000 0.5534 0.5205 0.5863 0.1511 27.30 0.201 
1600 0.5242 0.4898 0.5585 0.1577 30.08 0.182 
2000 0.5118 0.4769 0.5467 0.1605 31.36 0.170 
reflect a large scatter in the values of A,p for all r/t ratios. This indicates that geometric im­
perfections were the main contributor to scatter in experimental values of A,pas well [13]. 
The gradual increase of GOV with r/t ratio is an indicative that cylindrical shells become 
more sensitive to geometric imperfections as r/t ratio increases. To complete the statistical 
evaluation of results, one way and/or two way analysis of variance is required. This is ac­
complished in the next chapter with a larger set of artificial samples generated from ran­
domly selected test points in the frequency domain (see Fig. 5.8). 
5.5.2 Gomparison of finite elements results with experiments 
The finite element results were compared to one hundred and sixty nine buckling test 
results on axially loaded unstiffened cylinders that were published in literature [5,20,22]. 
The test results in which the buckling stresses took place in the inelastic range, as reported 
by the respective investigators, were discarded in order to be comparable to the elastic finite 
element analysis conducted in this work. Test results were plotted versus A.p with E(Xp) and 
the lower bound of Xp obtained from the finite element results in Fig. 5.10. Figure 5.10 indi­
cates that the lower bound obtained from the finite element results is a good representation 
of the lower bound of the test data. There are only eight test results below the lower bound 
as shown in Fig. 5.10. Both test and finite element results indicate a wide scatter in Xp. 
However, the scatter in the finite element results is larger because of the wide spectrum of 
imperfection shapes and amplitudes examined. It should be noted that the test results are 
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also influenced by other imperfections such as variation in thickness, load eccentricities and 
gaps between the ends of specimens and bearing plates which may result in failure due to 
local overstress. 
The mean value, E(Xp), compared well with the mean value of test results for r/t less 
than 500 whereas for larger values of r/t, test mean value results were below E(A,p). This is 
attributed to the fact that the amplitude of imperfections used in the finite element analysis 
is controlled such that 90% of the artificial samples meet the ASME requirements for peak 
to peak imperfection amplitude. Geometric imperfections were not always given in the test 
reports, but it can be assumed that they have varied between and within test series [4,5], so 
that it is quite likely that more than 10% did not meet the ASME requirements. 
1.0 
o Test Results 
^ Finite Elements Results 
— Mean Value of F.E. Results 
- Lower Bound of F.E. Results 
-a ed O 
CQ 
o 
o 
0.0 
0 500 1000 1500 2000 2500 
r/l 
Fig. 5.10 Comparison of Finite Element Results With Experiments 
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5.5.3 Comparison of Finite element results with ASME Code 
The elastic buckling stress for axially loaded stiffened or unstiffened cylinders is 
computed in the ASME Code Case N-284 [21] as the product of the capacity reduction fac­
tor, a^L' ^he theoretical elastic buckling stress for the perfect cylinder, ( Eq. 2.17). 
The value of a^L dependent on the geometric properties of the shell, it accounts for the 
effect of initial imperfections, nonlinearity in geometry and boundary conditions. The Code 
considers three modes of buckling which are local buckling, stringer buckling and general 
instability. The stringer buckling and the general instability are only considered when the 
cylinder is provided with longitudinal and/or ring stiffeners. In this work, the local buckling 
mode is only considered because all cylinders are unstiffened. The subscript, L, in 
responds to local buckling whereas the subscript, x. corresponds to buckling due to stresses 
in the axial direction. The capacity reduction factor was determined from analysis of one 
thousand test results [20]. Miller [20] introduced an additional reduction factor for to 
account for the effect of the overall column buckling. This factor is not considered in this 
work because all the cylinders examined are intermediate in length with L/r ratio of 2.0. 
The reduced buckling stress computed by the Code Case N-284 was compared to the 
lower bound of "kp obtained from the finite element analysis together with the available test 
data in Fig. 5.11. The figure indicates an excellent agreement between the lower bound of 
the finite element analysis and the code. The test results agree well with both lower bounds. 
This is an indication that the finite element analysis together with the random imperfection 
generators can be used to simulate experimental results. An adequate number of tested arti­
ficial samples can be used to establish a lower bound for A.p and to determine its statistical 
properties based on the respective type of initial imperfections. 
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CHAPTER 6. INELASTIC BUCKLING OF AXIALLY LOADED 
CYLINDRICAL SHELLS WITH RANDOM 
IMPERFECTIONS 
6.1 Introduction 
The effect of random imperfections on the inelastic buckling strength of axially 
loaded cylinders was investigated in this chapter. Nine hundred artificial samples were gen­
erated utilizing the random imperfection generators (Eqs. 4.1 and 4.39) with six radius to 
thickness ratios. Artificial samples with the same radius to thickness ratio were classified 
into three groups according to the imperfection pattern. Group A corresponded to general 
three dimensional imperfections, Group B corresponded to axisymmetric imperfections, 
whereas hoop imperfections, i.e., vertical corrugations, were designated as Group C. The 
inelastic buckling analysis was conducted incorporating material and geometric nonlineari-
ties. The stress strain relation used in the analysis was illustrated in Fig. 3.3. The finite ele­
ment results were statistically evaluated and compared to test results and the ASME Code 
Case N-284. 
The buckling load factors obtained for the three imperfection groups were statisti­
cally compared to establish the worst imperfection pattern. The statistical comparison was 
accomplished using analysis of variance techniques [55]. The analysis results revealed that 
the axisymmetric imperfection is the worst imperfection configuration at a maximum sig­
nificance level [55] of 10%. 
The effect of random imperfections that are close to a buckling mode of the perfect 
cylinder was also investigated. Two additional groups were defined; Group D with imper­
fections corresponding to the three dimensional buckling mode and Group E with imperfec­
tions corresponding to the axisymmetric buckling mode. Comparisons of Groups A and D 
or Groups B and E indicated that random imperfection which are close to a buckling mode 
are the worst imperfections for all r/t ratios. 
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6.2 Generation of Artificial Samples 
Nine hundred artificial samples were generated with r/t ratios of 100, 220, 500, 1000, 
1600 and 2000. The value of was randomly selected such that 90% of the samples 
meet the ASME code requirements (see Sec. 4.2.5). The values of k^jand k^^j were randomly 
selected in the frequency domain, test points representing the selected pairs of k^ and k^j are 
depicted in Fig. 6.1. The random selection of k^jand k^j was conducted such that test points 
are not crowded or repeated. Artificial samples with the same r/t ratio were grouped into 
Groups A, B, C, D and E as shown in Fig. 6.1. The generation of Group D was achieved by 
randomly selecting the values of k^j and k^^j in the region between the two dashed circles on 
either sides of the buckling mode shapes locus as shown in Fig. 6.1. Group E samples were 
generated by randomly selecting the value of k^j in the range between 3.0 and 4.0 which is 
centered on the buckling mode value of 3.46 (see Fig. 6.1). 
6.3 Effect of Geometric Imperfections 
The inelastic buckling analysis of the artificial samples was conducted using the fi­
nite element method (Sec. 3.3.2). The average inelastic and elastic buckling loads for thin 
cylinders (i.e., with r/t ratio greater than or equal to 500) were almost identical, with a 
maximum percentage difference of only 7%. This was because almost all thin cylinders 
failed by bifurcation buckling (see Appendix A) at an axial stress level below the material 
proportional limit. On the other hand, the buckling loads of thick cylinders, with r/t ratios of 
100 and 220, were reduced significantly up to 68% compared to their respective elastic 
buckling loads. This was because failure took place in the form of plastic collapse (see Ap­
pendix A) caused by concentrated bending and local plastic flow at the imperfection peaks. 
Figure 6.2 illustrates the variation of the average buckling load factor, E(A,p), with the 
cylinder r/t ratios. The value of Xp was computed as the ratio of the buckling load of the 
imperfect cylinder to the classical elastic buckling load (Eq. 2.17). For thin cylinders (r/t > 
500), the value of E(A,p) decreased with the increase in r/t ratio as it did for elastic cylinders 
(Fig 5.10). This indicates that the buckling strength of cylinders is seriously reduced due to 
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geometric imperfections as r/t increases. However, Fig. 6.2 shows that E(X.p) increased with 
the increase of the r/t ratio for thick cylinders (r/t < 500). This is a consequence of the nor­
malization with respect to the classical elastic buckling load which decreases with the in­
crease of the r/t ratio. 
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For all r/t ratios, the buckling load factors were almost identical and of the order of 
magnitude of 0.25 for axisymmetric and three dimensional imperfections. On the other 
hand, when vertical corrugations are provided, the buckling load factor increases to an av­
erage value of 0.931 due to a considerable increase in the meridional bending stiffness. 
Hoop imperfections (Group C ) will be discarded from the analysis in the remainder of this 
work. 
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Figure 6.2 shows that the E(X,p) of thin cylinders for Groups A, B, D and E varied on 
a wider range of values compared to the respective values of thick cylinders . The GOV of 
the E(A,p) ranged from 11% to 18% for thin cylinders compared to a value of 7.5% for thick 
cylinders. This indicates that thin cylinders are more sensitive to imperfection shape and 
magnitude than thick cylinders [5,7,18,40]. In all cases, cylinders of Group E had the least 
buckling load factor. This shows that axisymmetric imperfection that are close to the 
buckling mode of the corresponding perfect cylinder are the worst imperfections. A further 
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statistical evaluation of the finite element results is presented in the following section to es­
tablish a solid statistical proof of this conclusion. 
6.4 Statistical Evaluation of Finite Element Results 
The primary objective of this work was to determine the worst imperfection for axi-
ally loaded cylindrical shells. This was accomplished by conducting an analysis of vari­
ance, AOV, on the buckling load factors determined for the six groups of imperfect cylin­
ders (Sec. 6.1) for each r/t ratio. Such an analysis can not be conducted on experimental 
results due to the lack of information on the imperfection pattern in every specimen. 
6.4.1 Analvsis of Variance (One way classification) 
2 6.4.1.1 Theoretical background Consider two normal populations N(jipa ) and N(fii,a") 
of variance a and means jl, and ji,, respectively. Two random samples of sizes n, and n,, 
were drawn from the two populations. The variability of observations in the two random 
samples can be measured by the total sum of the squares of deviations from their common 
mean, designated as the total sum of the squares, SS. There are two sources of variation in 
the observations [55,56]: (1) variation within each sample due to the variance of the respec­
tive population and (2) variation between the two samples due to different population 
means. The total SS is a measure of the sum of these two sources of variation. The AOV is 
a mathematical process for partitioning the total SS into components associated with recog­
nized sources of variation. A detailed description of the underlying theory of AOV is pro­
vided in [55,56]. 
In this work, one way classification AOV was utilized to investigate the existence of 
a significant difference between the E(>tp) of the five imperfection groups. The analysis was 
based on the assumption of a fixed linear additive model [56], in which the effect of treat­
ments, i.e., imperfections in each group, is constant. The AOV is conducted by computing 
the following parameters: 
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SS^ - y..)^ 
»2 = ylf 
55, 
^Si=F:T 
MS^ = 
where SS, is the sum of the squares due to variation between treatments, SSj is the sum of 
the squares due to variations within treatments, MS, is the mean square due to variation be­
tween treatments, MSj is the mean square due to variation within treatments, t is the num­
ber of treatments or imperfection groups, n; is the number of observations in the i'*" treat­
ment group, Yy is the j"' observation in treatment group i, yj is the mean of the i'" treatment 
group and y is the mean of all observations of all treatment groups. 
In Eq. 6.1 MS, was computed by dividing SS, by its degree of freedom, DOF, of (t-
1). Likewise, MS^ was computed by dividing SSjby its DOF of ([ Hj ] -1). The value 
of MS, is an estimate of the variance, a , utilizing the means of treatment groups. It is at­
tributed to the sum of variation within treatments and difference between treatment means. 
On the other hand, MSj is an estimate of utilizing the observations in each treatment 
group. It is attributed to the variation within treatments only. The quotient of MS, and MS, 
is a random variable, F, with a known probability distribution function designated as F-
distribution [56]. To test the hypothesis that there is no significant difference between the 
treatments means, the probability of an F value larger than that computed in the AOV is 
determined. If this probability is large, the null hypothesis is accepted. If the probability is 
small, say 5%, the null hypothesis is rejected. This means that there exists a significant dif­
ference between at least two of the treatment means at a level of significance, a, of 5%. In 
other words, the value of F obtained from the AOV lies in the largest 5% values of the ran­
dom variable F. Hence, a small value of a indicates a more significant difference between 
the treatment groups means. The AOV parameters are usually tabulated as shown in Table 
6.1. 
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Table 6.1 Analysis of Variance Table (One Way Classification) 
Source of Variation DOF SS MS F 
Among Treatments (t-1) ss, MS, MS,/MS2 
Within Treatments (Pi=, nj -t) SSj MSj 
6.4.1.2 Analysis of Variance of Groups A and B Figure 6.2 showed that the E(A,p) of 
cylinders with three dimensional imperfections was larger than that of cylinders with 
axisymmetric imperfections. In this section, the AOV of Groups A and B was conducted to 
investigate the significance of that difference in E(A,p) for all r/t ratios. Table 6.2 lists the 
AOV parameters computed using all 80 samples from Group A and all 23 samples from 
Group B for each r/t ratio. The value of F computed from the table of F-distribution to­
gether with the respective a were listed in Table 6.2. 
Table 6.2 AOV Tables for Groups A and B Utilizing 100% of Artificial Samples 
r/t AOV Tables F-Distribution 
Variation Source DOF ss MS F Value a% 
100 Among treatments 1 1.53E-2 1.53E-2 15.63 8.28 0.5 
Within treatments 101 9.90E-2 9.90E-4 
220 Among treatments 1 3.82E-2 3.82E-2 6.11 5.22 2.5 
Within treatments 101 0.631 6.25E-3 
500 Among treatments 1 8.20E-2 8.20E-2 4.861 3.96 5.0 
Within treatments 101 1.703 1.69E-2 
1000 Among treatments 1 3.29E-2 3.29E-2 2.480 2.06 13.0 
Within treatments 101 1.343 1.33E-2 
1600 Among treatments 1 2.76E-2 2.76E-2 3.554 2.77 10.0 
Within treatments 101 0.784 7.76E-3 
2000 Among treatments 1 5.32E-2 5.32E-2 6.981 5.22 2.5 
Within treatments 101 0.769 7.61E-3 
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The AOV indicated that E(Xp) of cylinders with three dimensional imperfections is 
significantly larger than that of cylinders with axisymmetric imperfections for all r/t ratios. 
For thick cylinders the difference is highly significant with an a value of 0.5% because 
failure of thick cylinders with axisymmetric imperfections is due to plastification at imper­
fection peaks located along the entire circumference. On the other hand, three dimensional 
imperfection limits the plastic flow to local areas of imperfection peaks and, thus, increases 
the buckling load factor. There was also a significant difference between the E(Xp) of 
Groups A and B of thin cylinders. The significance level ranged from a maximum of 13% 
at an r/t ratio of 1000 to a minimum of 2.5% at an r/t ratio of 2000. This was an indication 
that axisymmetric imperfection is the worst imperfection for thin and thick axially loaded 
cylinders. 
The AOV of Table 6.2 for Groups A and B was repeated with 80% and 60% of the 
observations in each group. The objective of such an analysis was to establish the minimum 
required number of samples to be used in the AOV to reach the same conclusion that 
axisymmetric imperfections are the worst imperfections. The AOV parameters computed 
using 80% of the observations were listed in Table 6.3. Results indicated a significant dif­
ference"between E(Xp) of Groups A and B for all r/t ratios with a maximum value of a of 
10 %. Table 6.4 illustrates the AOV parameters computed using 60% of the observations. 
The E(A,p) of Groups A and B were judged to be identical for r/t equals to 1600. This mis-
judgment was because the number of observations utilized in the AOV was insufficient. At 
the same time, a significant difference between the E(>^) of Groups A and B was detected 
for the rest of the r/t ratios examined. 
The above discussion leads to the conclusion that using 80% of the observations in 
each group, i.e., 64 samples from Group A and 18 samples from Group B, is sufficient to 
establish a statistical proof that axisymmetric imperfections are the worst imperfections for 
all axially loaded cylinders. 
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Table 6.3 AOV Tables for Groups A and B Utilizing 80% of Artificial Samples 
r/t AOV Tables F-Distribution 
Variation Source DOF SS MS F Value a% 
100 Among treatments 1 1.45E-2 1.45E-2 16.10 8.39 0.5 
Within treatments 80 7.22E-2 9.03E-4 
220 Among treatments 1 2.22E-2 2.22E-2 3.257 2.78 10.0 
Within treatments 80 0.546 6.83E-3 
500 Among treatments 1 9.95E-2 9.95E-2 6.707 5.24 2.5 
Within treatments 80 1.187 1.48E-2 
1000 Among treatments 1 4.52E-2 4.52E-2 3.923 2.78 10.0 
Within treatments 80 0.921 1.15E-2 
1600 Among treatments 1 3.59E-2 3.59E-2 3.924 2.78 10.0 
Within treatments 80 0.733 9.16E-3 
2000 Among treatments 1 3.01E-2 3.01E-2 5.224 3.97 5.0 
Within treatments 80 0.460 5.75E-3 
Table 6.4 AOV Tables for Groups A and B Utilizing 60% of Artificial Samples 
r/t AOV Tables F-Dlstribution 
Variation Source DOF SS MS F Value a% 
100 Among treatments 1 3.33E-3 3.33E-3 3.902 2.79 10.0 
Within treatments 60 5.12E-2 8.54E-4 
220 Among treatments 1 8.00E-2 8.00E-2 18.015 8.49 0.5 
Within treatments 60 0.266 4.44E-3 
500 Among treatments 1 0.272 0.272 19.12 8.49 0.5 
Within treatments 60 0.853 1.42E-2 
1000 Among treatments 1 2.35E-2 2.35E-2 2.46 2.06 13.0 
Within treatments 60 0.575 9.58E-3 
1600 Among treatments 1 8.67E-3 8.67E-3 0.963 No significant 
diff., a>30 Within treatments 60 0.540 9.00E-3 
2000 Among treatments 1 3.74E-2 3.74E-2 8.411 7.08 1.0 
Within treatments 60 0.266 4.44E-3 
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6.4.1.3 Analysis of Variance of Groups A and D The mean buckling load factor of 
cylinders with three dimensional random imperfection close a buckling mode was less than 
that of cylinders with general random imperfections (see Fig. 6.2). The significance of that 
difference was investigated by conducting an AOV using Groups A and D. Results are 
tabulated in Table 6.5. For thin cylinders, a significant difference between the E(Xp) of 
Groups A and D was determined at an a value of 0.5%. At the mean time, no significant 
difference was determined for thick shells. This result indicates that thin cylinders are sen­
sitive to three dimensional imperfections that take the shape of a buckling mode. On the 
other hand, the buckling strength of thick cylinders with three dimensional imperfections is 
not significantly reduced when the imperfection pattern approaches a buckling mode shape. 
Table 6.5 AOV Tables for Groups A and D 
r/t AOV Tables F-Distribution 
Variation Source DOF SS MS F Value a% 
100 Among treatments 1 6.28E-6 6.28E-6 0.008 No Significant 
Difference Within treatments 101 8.32E-2 8.32E-2 
220 Among treatments 1 9.51E-4 9.51E-4 0.254 No Significant 
Difference Within treatments 101 0.378 3.74E-3 
500 Among treatments 1 0.278 0.278 16.46 8.28 0.5 
Within treatments 101 1.707 1.69E-2 
1000 Among treatments 1 0.402 0.402 29.97 8.28 0.5 
Within treatments 101 1.354 1.34E-2 
1600 Among treatments 1 8.98E-2 8.98E-2 12.01 8.28 0.5 
Within treatments 101 0.755 7.48E-3 
2000 Among treatments 1 0.122 0.122 14.49 8.28 0.5 
Within treatments 101 0.848 8.40E-3 
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6.4.1.5 Analysis of Variance of Groups D and E Figure 6.2 illustrates that the E(A.p) of 
Group E was less than that of Group D for all r/t ratios. The significance of the difference 
between the two means was investigated. The AOV parameters are listed in Table 6.6. The 
analysis indicated that the E(X,p) of Group E is significantly lower than that of Group D for 
r/t ratios of 100, 500 and 2000. However, for thin cylinders with r/t ratios of 1000 and 
1600, there was no significant difference between Groups D and E up till an a value of 
20%. 
Table 6.6 AOV Tables for Groups D and E 
r/t AOV Tables F-Distribution 
Variation Source DOF SS MS F Value a% 
100 Among treatments 1 1.38E-2 1.38E-2 10.59 9.18 0.5 
Within treatments 31 4.04E-2 1.30E-3 
220 Among treatments 1 1.03E-2 1.03E-2 2.12 1.68 15 
Within treatments 31 0.150 4.84E-3 
500 Among treatments 1 0.348 0.348 21.65 9.18 0.5 
Within treatments 31 0.499 0.449 
1000 Among treatments 1 1.69E-2 1.69E-2 1.057 No Significant 
Diff. a>20% Within treatments 31 0.497 1.60E-2 
1600 Among treatments 1 1.77E-2 1.77E-2 1.518 No Significant 
Diff. oo20% Within treatments 31 0.360 1.16E-2 
2000 Among treatments 1 6.21E-2 6.21E-2 7.105 5.57 2.5 
Within treatments 31 0.271 8.74E-3 
6.5 Comparison With Other Results 
6.5.1 Comparison of finite element results with experiments 
Figures 6.3 shows a comparison between the finite element results and experimental 
results conducted on steel cylinders [20,22,40]. For thick cylinders (Fig. 6.3(a)), the yield 
load factor, Xpy, was determined as the ratio of the buckling load to the yield load, 
108 
published with the test results [20,22,40], For thin cylinders (Fig. 6.3(b)), the value of A.p 
was determined as previously mentioned in Sec. 6.3. The large scatter in the finite element 
results was because of the use of a wide variety of imperfection shapes and amplitudes. As 
discussed in Sec. 6.4, the yield load factors of Group E represent a lower bound for all r/t 
ratios. 
For thin cylinders, the mean of the finite element results over estimated the mean ex­
perimental buckling load factors, A,p, as indicated by the dashed line in Fig. 6.3(b). The 
lower bound of the finite element results, represented by a solid line in Fig. 6.3(b), indicates 
a good agreement between test and finite element results for thin cylinders. The lower 
bound is essentially the same as in Fig. 5.10 because buckling is primarily elastic for these 
thin shells. 
For thick cylinders, the discrepancy between the lower bound of the test and the fi­
nite element results was, primarily, because of two factors. First, the artificial samples were 
generated with a wide variety of imperfection wave lengths ranging from (rt)"^ to 45 (rt)"^. 
Samples with short imperfection wave lengths provided low buckling strength because of 
the large number of plastic hinges formed at the imperfection peaks (see Appendix B). At 
the same time, imperfection measures on fabricated cylinders indicated that geometric im­
perfections are dominated by long imperfection wave lengths in the axial direction 
[20,31,32]. Such severe cases of short imperfection wave lengths are probably not present 
in the test results. Second, the imperfection peak-to-peak amplitude of the artificial sam­
ples was randomly selected such that 10% of the samples had imperfections that exceeded 
the ASME Code allowable limit. Thick cylinders are less likely to have large imperfection 
amplitudes [20,40]. Based on the above discussion, the lower limit of the finite element re­
sults for thick cylinders was recomputed discarding the results of artificial cylinders with 
imperfection wave length smaller than 4.0 (rt)"^ and/or with an imperfection peak-to-peak 
amplitude larger than the ASME Code tolerance. The modified lower bound of finite ele­
ment results is illustrated in Fig. 6.3(a) by the dash dotted line and is in good agreement 
with the lower bound of test results. 
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Fig. 6.3 Comparison of Finite Element Results with Experiments 
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This discussion and that of Sec. 5.5.2 lead to the conclusion that the lower bound of 
the buckling load obtained from the numerical solution can be utilized to establish an ac­
ceptable prediction of experimental data lower bound for elastic and inelastic buckling of 
axially loaded cylinders. The average imperfection wave lengths and peak-to-peak ampli­
tude of the artificial samples have to be selected within realistic limits. 
6.5.2 Comparison of finite element results with ASME Code 
The inelastic buckling stress for axially loaded unstiffened cylinders is calculated as 
the product of the capacity reduction factors (Sec. 5.5.3), the plasticity reduction factor and 
the elastic buckling stress of a perfect cylinder (Eq. 2.17) [20,21]. The plasticity reduction 
factor accounts for inelastic material behavior. Its effect is more pronounced in thick shells 
and it increases to unity for thin shells [20]. Figures 6.4(a) and (b) illustrate test results 
[20,22,40] together with the modified lower bound of the finite element results (Sec. 6.5.1) 
and Code Case N-284. The figure indicates good agreement between finite element and the 
Code yield and buckling load factors. 
6.6 Summary 
The conclusions of the analysis conducted in this chapter can be summarized as fol­
lows: 
1. Axisymmetric imperfections are the worst imperfection configuration compared to 
three dimensional or hoop imperfections for all r/t ratios. 
2. The worst imperfection configuration in three dimensional or axisymmetric random 
imperfections are those close to a buckling mode shape of the corresponding perfect 
cylinder. 
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CHAPTER 7. DEVELOPMENT OF AN EQUIVALENT AXISYMMETRIC 
IMPERFECTIONS FOR AXIALLY LOADED CYLINDERS 
7.1 Introduction 
On the basis of the statistical evaluation of the numerical results in the previous 
chapter, an imperfection sensitivity study was conducted to establish a deterministic equiva­
lent axisymmetric imperfection for a range of r/t ratios. The use of the single deterministic 
equivalent axisymmetric imperfection together with the nonlinear material model (Fig. 3.3) 
in a finite element buckling analysis brings its results to a reasonable agreement with the 
lower bound of test data. This numerical approach can be utilized to predict the buckling 
strength of cylinders subjected to an axial compression stress field. It has the advantage of 
saving considerable computational time and effort compared to generating many cylinder 
samples with random imperfections. 
7.2 Imperfection Sensitivity Study 
7.2.1 Methodology 
The statistical evaluation of the buckling load factors determined from the finite ele­
ment analysis (Sec. 6.4) revealed that axisymmetric imperfections close to a buckling mode. 
Group E, are the worst imperfections. Based on that conclusion, an imperfection sensitivity 
study was conducted by computing A.p of cylinders with random axisymmetric imperfec­
tions. The average wave length parameter, k^^j, was varied in the range from 2.5 to 7.0 for 
thin cylinders and in the range from 3.46 [40] to 7.0 for thick cylinders. For each k^j value, 
the kurtosis of the imperfection power spectral density function (see Fig. 4.4) was varied 
from infinity, i.e. a sinusoidal axisymmetric imperfection wave, to a minimum value of 2.5, 
i.e. random imperfection pattern with a large number of frequency components. Since the 
primary objective of the imperfection sensitivity study was to determine the worst imperfec­
tion configuration designated as the equivalent axisymmetric imperfection, the maximum 
peak-to-peak imperfection amplitude together with the imperfection wave length was varied 
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to determine the configuration that leads to the experimental data lower bound [21]. The im­
perfection sensitivity study v^'as conducted on cylinders with r/t ratios of 100, 220, 500, 
1000,1600 and 2000 to establish the equivalent axisymmetric imperfection in each case. 
Buckling load factors determined using the equivalent axisymmetric imperfections were 
compared with test data and Code Case N-284 for validation. 
7.2.2. Finite element results 
Figures 7.1 to 7.6 illustrate the variation of the buckling load factor, A,p, with k^^j and 
the PSD kurtosis for r/t ratios of 100, 220, 500, 1000, 1600 and 2000, respectively. For all 
r/t ratios, the sinusoidal imperfection was the worst imperfection associated with the mini­
mum buckling load factor. The random perturbation of the sinusoidal imperfection by re­
ducing the kurtosis of the PSD leads to an increase of the minimum buckling load factor. 
Therefore, the problem of selecting the equivalent axisymmetric imperfection shape is re­
duced to the determination of the parameter k^^j and the peak-to-peak imperfection ampli­
tude for a single sine wave imperfection. 
7.2.3 Wave length of the equivalent axisymmetric imperfections 
The solid curves in Figs. 7.1 to 7.6 illustrate the variation of A,p with the wave length 
parameter, k^, of the sinusoidal imperfections for r/t ratios of 100,220, 500, 1000, 1600 and 
2000, respectively. In all cases the imperfection peak-to-peak amplitude was restricted to 
the ASME Code tolerance. For thin cylinders, the optimum value of kj,j was 3.46 for r/t 
equals to 500 and was 4.61 for larger values of r/t. In all cases, the optimum values of kj^j 
are close to the axisymmetric buckling mode value of 3.46. This confirms the Analysis of 
Variance results presented in Sec. 6.4.1.6. On the other hand, the value of A,p for thick cylin­
ders decreased gradually with the decrease of k^^j (see Appendix B). Table 7.1 summarizes 
the kjji and the buckling load factor, Xp, values of the equivalent axisymmetric imperfections 
for the six r/t ratios considered in the imperfection sensitivity study. 
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Table 7.1 Equivalent Axisynimetric Inaperfection Results 
r/t kai 
100 3.46 0.182 
220 3.46 0.305 
500 3.46 0.243 
1000 4.61 0.234 
1600 4.61 0.228 
2000 4.61 0.223 
1.23.1 Assessment of numerical results 
The numerical results were evaluated by comparison to test data [20,22,40], Code 
Case N-284 and the lower bound of the three dimensional finite element results (Figs. 6.4) 
as shown in Fig. 7.7(a) and (b). The yield load factor, ^py, was plotted versus the r/t ratio for 
thick cylinders and the buckling load factor Ap was plotted for thin cylinders. 
The yield and buckling load factors determined using the equivalent axisymmetric 
imperfection were almost identical to the lower bound of the respective load factors using 
random imperfections with an average difference of 6% for thin cylinders and 12% for thick 
cylinders. 
The buckling load factors of cylinders with the equivalent axisymmetric imperfec­
tions were greater than the respective values computed using Code Case N-284 by approxi­
mately 1% for r/t ratios of 500, 1000, 1600 and 2000. At the same time, the yield load fac­
tors were less than the respective Code Case N-284 value by 27% for r/t ratios of 100 and 
220. This was because of the use of imperfection wave lengths less than 4.0 (rt)"^ with a 
peak-to-peak amplitude equals to the ASME Code tolerance that resulted in rapid failure 
due to the formation of plastic hinges at the imperfections peaks. 
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7.2.4 Amplitude of the equivalent axisvmmetric imperfections 
In this section, the amplitude of the equivalent axisymmetric imperfections was es­
tablished to bring the numerical results and the Code Case N-284 into an acceptable agree­
ment. This was accomplished by varying the imperfection amplitude over a range of values 
so that the Code Case N-284 are matched. The wave length parameter, k^^j, was set to the 
optimum value listed in Table 7.1 for the respective r/t ratio. Results are depicted in Fig. 
7.8, in which the ratio of the equivalent imperfection amplitude to the ASME tolerance was 
plotted versus the r/t ratio. The figure indicates that the amplitude of the equivalent 
axisymmetric imperfections should be reduced to 35% of the ASME maximum limit for 
thick cylinders and should be increased by 45% for thin cylinders to match the Code Case 
N-284 lower bound. 
In conclusion, the use of the equivalent axisymmetric imperfections approach pro­
vides a simple tool to describe the imperfection shape and magnitude that correspond to the 
experimental data lower bound. Such an imperfection configuration can be utilized by de­
signers with confidence that it will bound the worst possible case according to test results 
conducted through over more than 75 years. 
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Fig. 7.8 Amplitude of the Equivalent Axisymmetric Imperfection 
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CHAPTER 8. SUMMARY AND CONCLUSIONS 
8.1 Summary 
Geometric imperfections play a vital role in reducing the buckling strength of axially 
loaded cylinders. Consequently, current codes of practice require the reduction of the clas­
sical buckling load by a knockdown factors that account for the effect of material and geo­
metric imperfections. In some cases, the designer is required to conduct a rigorous analysis 
to determine the buckling strength of these shells. In such analysis, the major question will 
be: what imperfection configuration should be used. The objectives of this work were to 
determine the worst imperfection configuration for axially loaded cylinders and to estab­
lish, based on that configuration, an equivalent deterministic axisymmetric imperfections to 
be used in design. 
A brief introduction to the general theory of stability of shells was presented together 
with the classical theory for the elastic buckling of perfect axially loaded cylinders. The 
classical solution implied a strong overrating of the buckling load, primarily, because of in­
itial geometric imperfections and plasticity. Experimental and theoretical work conducted 
on the effect of random imperfections on the buckling strength of cylinders was reviewed. 
An emphasis was also given to numerical techniques utilized in solving the shell buckling 
problem together with various approaches to simulate random imperfections in such analy­
ses. 
The buckling analyses conducted in this work was accomplished using the finite ele­
ment method as implemented in the general purpose commercial code, ABAQUS. Elastic 
buckling procedures in ABAQUS were verified by solving a perfect axially loaded cylinder 
and comparing the results to the classical theoretical solution. Inelastic buckling procedures 
were verified by computing the load deflection path and the critical instability points of a 
two hinged uniformly loaded arch and axially loaded cylinders. Both the fundamental and 
the post buckling paths were obtained and compared to numerical solution and test results 
published in literature. The inelastic buckling analysis of an axially loaded cylinder with an 
imperfection resembling an unsymmetric buckling mode of the perfect cylinder was also 
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conducted. The size of the shell elements used in the finite element model was progres­
sively reduced in the hoop and/or axial direction until a converged model was obtained. 
The choice of the finite element model parameters in the remainder of this work were based 
on the converged model parameters. 
A mathematical model for one dimensional random imperfections was constructed 
by superposition of harmonic functions with various deterministic and random variables. 
The model deterministic parameters were established by assuming a damping cosine 
autocorrelation function to produce an imperfection power spectral density function, PSD, 
that resembles the PSD of realistic imperfections. The shape and magnitude of the PSD was 
dependent on the imperfection wave length characteristics and the maximum imperfection 
peak-to-peak amplitude, respectively. Once the parameters of the PSD were established, the 
mathematical model was used to generate artificial samples of imperfect cylinders. The 
mathematical model was extended to simulate general random imperfections with fre­
quency components in the hoop and axial directions. The artificial samples were generated 
with a probability of acceptance of 90% by the ASME Code. 
The elastic buckling loads of several artificial samples were computed and compared 
to test data and the Code Case N-284. Numerical results indicated that geometric imperfec­
tions play a vital role in the scatter of the buckling load of axially loaded cylinders, and that 
this role increases with the increase of the shell radius to thickness ratio. The lower bound 
of the finite element results was in a good agreement with the test data and the Code Case 
N-284. 
The artificial samples were grouped into five groups according to their imperfection 
configuration and the buckling analysis was repeated incorporating material nonlinearity. 
The results were evaluated using the analysis of variance statistical technique. This evalu­
ation demonstrated that axisymmetric imperfections that resemble the axisymmetric buck­
ling mode of the perfect cylinder are the worst imperfections. An imperfection sensitivity 
study was accomplished to develop an equivalent axisymmetric imperfection that brings 
test data and numerical results into agreement. The equivalent axisymmetric imperfection 
was concluded to be sinusoidal. The imperfection wave length was obtained by minimizing 
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the buckling load, whereas the amplitude was computed so that the numerical results and 
the lower bound of test data are equal. 
8.2 Conclusions 
8.2.1. Finite element modeling of axiallv loaded cylinders 
1. Based on mesh sensitivity study, the size of eight noded shell elements should not 
exceed -^/ri or one quarter of the imperfection wave length in the axial direction, 
which ever is smaller. 
2. The increase of the element size in the hoop direction has no significant effect on 
the accuracy of results as long as the element aspect ratio is kept less than two. How­
ever, it reduces the model wave front and the computational requirements signifi­
cantly. 
8.2.2. Stochastic simulation of geometric imperfections 
1. A spectral density function, PSD, of random imperfections which are character­
ized by a damped cosine autocorrelation function resembles that obtained from ex­
perimental measurements of realistic imperfections. It is defined by five parameters: 
maximum peak-to-peak imperfection amplitude, average wave length parameters in 
hoop and axial directions, and the PSD function kurtosis in the frequency domain. 
2. The value of buckling load factor, Xp, is significantly dependent on the average 
wave length parameters and the maximum imperfection peak-to-peak amplitude. On 
the other hand, the variability of Xp with the kurtosis of the imperfection PSD is not 
significant. 
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8.2.3 Elastic buckling of cylinders with random imperfections 
1. The lower bound of Xp for artificial samples which were generated with 90% 
probability of acceptance by ASME Code tolerance is in an excellent agreement with 
the lower bound of test results and Code Case N-284. 
2. The variability of Ap increases by the increase of the r/t ratio. Thick cylinders are 
less sensitive to geometric imperfections than thin cylinders. 
8.2.4 Inelastic buckling of cylinders with random imperfections 
1. There was a good agreement between the lower bound of the buckling loads ob­
tained from the finite element solution and Code Case N-284. 
2. The presence of hoop imperfections may increase the buckling load of cylinders 
due to an increase in the meridional bending stiffness. 
3. Analysis of variance on A,p for cylinders with axisymmetric and three dimensional 
random imperfections demonstrated that axisymmetric imperfections are the worst 
imperfections at a maximum significance level of 10%. 
8.2.5 Equivalent axisymmetric imperfections 
1. Sinusoidal axisymmetric imperfections can be utilized as equivalent axisymmetric 
imperfections for the analysis of axially loaded cylinders. The imperfection wave 
length was selected to be 3.46 y/rl for thick cylinders and was determined by opti­
mization for thin cylinders. The amplitude was determined to range from 35% of the 
ASME tolerances for thick cylinders to 145% for thin cylinders. 
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8.3 Recommendations 
In the light of the buckling and statistical analyses conducted in this work, the 
following is recommended: 
1. The analytical and statistical procedures implemented in this work to determine 
the worst imperfection shape for axially loaded cylinders can be utilized with other 
shells of revolutions which are sensitive to geometric imperfections, such as conical 
and spherical shells and subjected to other loading conditions. Such analyses can lead 
to the determination of the equivalent imperfections for these shells to be used in de­
sign. 
2. An extension of this work is recommended to include the effect of uncertainty in 
the material properties, shell wall thickness, load eccentricity, residual stresses and 
boundary conditions. 
3. A similar analytical and statistical procedure can be implemented on cylindrical 
shells subjected to external pressure, bending, self weight and temperature to deter­
mine the worst imperfection shape for each loading condition and establish the re­
spective equivalent deterministic imperfection. 
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APPENDIX A. DEFINITIONS AND CONCEPTS 
A.l Equilibrium 
The shell is said to be at equilibrium if its total potential energy is stationary. This 
means that the first variation of the potential energy is equal to zero. The total potential en­
ergy is the summation of the strain energy and the potential energy of the applied loads. 
A.2 Stability 
The equilibrium can be stable, neutral or unstable. If the shell is slightly loaded and 
then released, it returns back to its original equilibrium state. This is a condition of stable 
equilibrium. If the shell is disturbed to a new state and remains there without a tendency to 
restore its original state or to move away from it, then it is said to be in a neutral equilib­
rium state. In contrast, if the shell is slightly loaded so that the deformations are dramati­
cally increased and the shell moves away from the previous equilibrium state, this is a con­
dition of unstable equilibrium. 
A.3 Prebuckling State 
Prebuckling state is the state of the structure when the load is lower than the buckling 
load. At this state the structure is in stable equilibrium. The prebuckling process is often 
nonlinear in shells, if there is a reasonably large percentage of stored bending strain energy. 
A.4 Buckling of Shells 
Buckling of shells is a phenomenon giving large deflections normal to the shell sur­
face. A thin shell can absorb a great deal of membrane strain energy with little deformation. 
However, it deforms much more in order to absorb an equivalent amount of bending strain 
energy. If the shell is loaded in such a way so that most of its membrane compressive strain 
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energy is converted into bending strain energy, the shell deforms dramatically in a process 
called "buckling". 
Along the load deflection path or the equilibrium path, the load level at which the 
equilibrium state changes from stable to unstable is known as the buckling load. At the 
buckling load the stability determinant and the least nonzero eigen value will become zero. 
For a perfect shell, the two phenomena loosely termed buckling are : 1) Collapse at the 
maximum point in a load deflection curve (i.e. limit load), and 2) bifurcation point (see Fig. 
A.1). 
A.5 Bifurcation Load 
The bifurcation load of a perfect structure is the load at which the equilibrium path 
branches into two equilibrium paths. The equilibrium path corresponding to a symmetric 
mode of deformation is called the fundamental or the primary equilibrium path. The equi­
librium path corresponding to the nonsymmetric mode of deformation is called the post 
buckling or the secondary equilibrium path. The slope of the post buckling path of the per­
fect shell defines the state of equilibrium after buckling and the shell sensitivity to initial 
imperfections. If the path drops downwards, the equilibrium is unstable in the post buckling 
state and the shell is imperfection sensitive. If the path curves upwards, the shell possesses 
a considerable postbuckling strength and the equilibrium is stable. It is an indication that 
the shell is imperfection insensitive (see Fig. A.l). The bifurcation load is a buckling load. 
A.6 Limit Load 
Limit load is the point on the primary equilibrium path at which the load is a relative 
maximum. The shell snaps or collapses at the limit load when the applied loads on the shell 
are not sufficiently relieved by the reduction in the axial stiffness. The equilibrium state 
along the primary path ceases to be stable after the limit load. The mode of deformation 
remains symmetric beyond the limit load for perfect structures. In contrast, the limit load of 
imperfect structures will involve nonsymmetric components if bifurcation of the 
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corresponding perfect structure corresponds to a nonsymmetric eigen mode [7] (see Fig. 
A.l). The limit load is a buckling load. 
A.7 Collapse 
Collapse is a decrease in the carrying capacity of the shell that it becomes unsuitable 
for its purpose. Collapse is characterized by the maximum of the load deflection diagram. 
Limit load and ultimate failure are used synonymously with collapse. See Limit Load. 
A.8 Eigen Value Problem 
In matrix algebra, the eigen value problem can be described as follows: 
{ [ A ] - m ) { x }  =  {0} (A.1) 
where [ A ] is a known square matrix of size (n x n). A, is an unknown scalar quantity, [ I ] 
is the identity matrix and { x } is an unknown vector. The problem is to determine the n 
scalar values of X and the corresponding values of { x } which satisfies the above equation. 
This equation has the form of the equilibrium equations when matrix A is replaced by the 
elastic stiffness matrix and the identity matrix is replaced by the geometric stiffness matrix. 
The eigen values are the X values and correspond to the critical values of the load multi­
plier. The eigen vectors are the {x} vectors and correspond to the buckling modes. The 
word "eigen" is a German word and it means "own" as an indicator that the X and { x } are 
some characteristics of matrix [ A ]. 
In the prebuckling state, all the eigen values of the structure are nonzeros. If the 
structure is loaded in such a way that its axial stiffness reduces gradually, all the eigen val­
ues will decrease. The smallest eigen value reaches zero at the buckling load (bifurcation 
or limit load). If the structure could be further loaded, the smallest eigen value will be nega­
tive and the second least eigen value will be reduced to zero. 
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Fundamental Path (imperfect structure) 
Limit Load 
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Unstable Equilibrium 
Bifurcation Load 
Unstable Equilibrium 
Limit Load 
^\^able Equilibrium 
Axial Displacement 
Fig A.l Fundamental and Post Buckling Load Displacement Paths 
A.9 Nonlinear Static Analysis 
Nonlinear static analysis is the analysis in which the nonlinear equilibrium equations 
of the structure are solved step by step to obtain the displacement configuration and the 
corresponding load in the structure load deflection space. The source of nonlinearity can be 
either material or geometric nonlinearity. The method of solution of the equilibrium equa­
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tion is based on the modified Newton-Raphson technique in which the load is applied in 
increments and the corresponding displacement vector is computed iteratively until a con­
verged solution is reached. The stiffness matrix is updated at the end of each loading incre­
ment after convergence. In general, no solution can be obtained at the buckling load as the 
equilibrium equations are singular. The solution can not proceed beyond the buckling load 
except if there is a special procedure adopted to overcome this difficulty. 
A.10 Riks Method 
The Riks method [46,47] employs nonlinear static analysis procedures which are ca­
pable of proceeding beyond the buckling load. A constraint equation is added to the stan­
dard equilibrium equations to fix the length of the load increment in the load-deflection 
space. The applied load level becomes an additional variable. The procedure can detect the 
location of the bifurcation points and determine the solution in their neighborhood. With 
the application of an initial imperfection of small magnitude or an artificial load, the post 
buckling path after the bifurcation point can be also determined by this procedure. 
A.ll Stability or Buckling Analysis 
The stability or buckling analysis is the determination of the equilibrium path(s) of 
the shell and, in particular, the buckling points ( bifurcation or limit load ) at which the 
shell ceases to be stable. It is useful to obtain the post buckling path as it is a good indicator 
of the shell behavior after buckling and the shell sensitivity to initial imperfections. The 
growth of the displacement field during loading and the buckled shapes at the critical points 
are a direct product for such an analysis. 
A.12 Deformed Shape 
The deformed shape is the displacement vector corresponding to a given load at a 
particular equilibrium state. The deformed shape is often drawn relative the original un­
loaded structural configuration. 
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A.13 Buckled Shape 
The buckled shape is the incremental change that occurs in the displacement field 
when the shell moves from a stable to an unstable point along the load deflection path. The 
buckled shape is often nonsymmetric. The normalized buckled shape can be only obtained 
by solving an eigen value problem in the vicinity of the buckling point. The eigen vector 
{x} obtained from the eigen value analysis is the required buckled shape normalized with 
respect to its maximum displacement component. 
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APPENDIX B. VERIFICATION OF NONLINEAR BUCKLING ANALYSIS 
IN ABAQUS 
B.l Nonlinear Buckling Analyses in ABAQUS 
The nonlinear buckling analysis is the determination of the buckling load and the 
corresponding buckled shape for a structure that undrgoes large deflections in the 
prebuckling state. This kind of analysis is accomplished in ABAQUS by two different 
methods. The first method is designated as the Riks method ( Appendix A) which is capa­
ble of determining both the fundamental and the post buckling equilibrium paths. The sec­
ond method employs nonlinear static analysis ( Appendix A) in which the load is applied 
gradually to the structure, and the stability of the structure is checked at any load level by 
conducting an eigen value problem (Appendix A) using the current state of the stiffness 
matrix at that load level. 
In the following sections, the two nonlinear buckling analysis methods in ABAQUS 
will be verified by solving a hinged circular arch subjected to uniform external pressure. 
Results were compared to available data in the published literature [46]. The inelastic buck­
ling analysis of tested imperfect cylinders was also conducted. Results were compared to 
test data and other numerical and theoretical solution [40]. 
B.2 Circular Arch Subjected to a Uniform Load 
B.2.1 Problem definition 
The stability of a circular arch, uniformly loaded in the radial direction, is lost at 
either a limit point, A-l, or a bifurcation point, depending on the arch dimensions and 
boundary conditions. This property offers the opportunity to test nonlinear buckling meth­
ods adopted in ABAQUS. A hinged circular arch of radius, r, equals to 104 inches and a 
rectangular cross section four inches deep and one inch wide was modeled with three noded 
curved beam elements B32 [49]. Four cases were solved to compute the fundamental and 
post buckling equilibrium paths together with all buckling loads and the associated buckled 
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shapes. In all four cases the equilibrium paths were presented using the nondimensional 
load parameter, p, [46,47] and the nondimensional deflection parameter, w,: 
where 
p = (B..) 
Wo 
= IT (B.2) 
in which p is the applied external pressure, h is the arch thickness, E is young's modulus, I 
is the cross section moment of inertia about bending axis, and w^ is the central deflection of 
the arch. 
B.2.2 Fundamental path of the perfect Arch 
First, the fundamental path ( Fig. B. 1 ) of the perfect arch was computed using the 
Riks method. The solution was continued beyond the bifurcation point and the limit point 
as shown in Fig. B.l. The position of the critical points along the fundamental path were 
determined, as ABAQUS prompts the user when a negative eigenvalue has been encoun­
tered, that is, a buckling load has been exceeded. The load parameter, Pj,, at the first bifur­
cation load was 2.20 and that at the limit load, Pl, was 2.94. The solution continues on the 
fundamental path where the deformed shape remains symmetric and only the magnitude of 
the deflections increased. 
At the bifurcation point, p^,, two equilibrium shapes are possible. One possible shape 
is the symmetric deformed shape which corresponds to the fundamental path. This was 
computed in the previous step. The other shape can be computed using the second method ( 
Sec. B.2 ) by examining the stability condition near the bifurcation point. The nonlinear 
static analysis was conducted up to a load parameter, p, equals to 1.80 preceding p^. At this 
point the eigenvalue solution with the present prebuckling condition was carried out. The 
bifurcation load was computed as p^ equals to 2.15 and the first eigenvector was obtained 
as a sine wave (unsymmetric) as shown in Fig. B.l. The value of p^, obtained by the second 
method compares well with the result obtained from Riks method. The difference is 
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Fig B. 1 Load Deflection Curves of a Two Hinged Arch 
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because of the linear behavior assumption for values of p greater than 1.80 in the second 
method. 
B.2.3 Post buckling path of the perfect arch 
The post buckling path of the perfect arch was computed in this step. An artificial 
geometric imperfection of a small amplitude equals to 0.01 h was applied to introduce non-
symmetries and force the arch to follow the post buckling path. The shape of the imperfec­
tion was similar to that of the first eigen mode ( Fig. B. 1). The limit load of the imperfect 
arch was very close to the bifurcation load, obtained in Sec. B.2.2. Likewise the path for 
this solution beyond buckling is the desired post buckling path of the perfect arch. 
Another approach to computing the post buckling path is to apply a dummy load of a 
low magnitude compared to the applied external pressure that will introduce nonsym-
metries into the problem. No geometric imperfections were applied. A dummy small hori­
zontal load was applied and the problem was solved using Riks method. The load deflec­
tion curve is illustrated in Fig. B.l. The limit load was 2.09, close to p^, of the perfect arch 
with pressure only. The post buckling path closely followed that obtained using an eigen-
mode imperfection with an amplitude of 0.01 h. 
B.2.4 Fundamental path of the imperfect arch 
The fundamental path of an imperfect arch was computed. The shape and amplitude 
of imperfection was varied to investigate their effect on the limit load, Pl- Two imperfec­
tion shapes were selected. First, an imperfection shape similar to the first eigenmode was 
applied. The amplitude of imperfection, a, was varied from 0.01 inches to 0.5 inches. The 
corresponding values of Pl varied from 2.08 to 1.515, which indicates that PlIs approxi­
mately inversely proportional to a. Second, a single bulge imperfection centered at 10 de­
grees and with an amplitude, a, equals to 0.05 inches was applied. The values of Pl was 
2.08 compared to 1.97 for the eigenmode imperfection with the same amplitude. Hence the 
eigenmode imperfection provided the least value of Pl- This is consistent with Koiter the­
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ory [2]. In both imperfection configurations the equilibrium path beyond buckling was as­
ymptotic to the post buckling path of the perfect arch ( Sec. B.2.3 ). 
B.2.5 Conclusions 
The finite element results were consistent with the numerical values available in lit­
erature [46] and with the theory. This confirms the validity of ABAQUS in solving 
nonlinear buckling problems. Note that the two methods of solution were verified and pro­
vided the same results. 
B.3 Axailly Loaded Imperfect Cylinders 
B.3.1 Problem definition 
The ABAQUS program was used to predict the buckling loads of seven axially 
loaded mild steel cylinders tested by Miller [20] in 1974. All the specimens had a nominal 
diameter of 15 inches and with r/t ratios of 500, 375 and 250. The specimens were fabri­
cated from ASTM A366 conunercial quality cold-rolled carbon steel and SAE 1075 cold-
rolled steel sheets. The material constitutive relation for every specimen was obtained from 
Ref. [40]. Geometric imperfections in the specimens were modeled as sinusoidal 
axisymmetric imperfections with wave length equal to the wave length of the axisymmetric 
buckle of the perfect cylinder ( 3.46\/rf ) [40], The imperfection measurements were 
utilized [40] to determine the peak-to-peak amplitude of the sinusoidal axisymmetric im­
perfections. Geometric configurations, imperfection measurements, sinusoidal imperfection 
data and material properties are listed in Table B.l for every specimen. 
B.3.2 Finite Element Solution 
The finite element model for every specimen was constructed using the S8R5 shell 
element [49]. The elements size was selected according to the sensitivity study conducted 
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Table B.l Geometric Configuration of the Tested Cylinders 
No Dimensions* Measured' 
Imperfections x 10'^ 
Axisymmetric 
Imperfection 
o-y 
ksi 
E 
ksi 
xlO^ L r t r/t (1) (2) (3) (4) kai Zmax/t 
1 8.0 7.5 0.015 500 2 0.7 l.O 2.3 3.46 0.33 28.7 28.7 
2 7.0 7.5 0.015 500 1.3 0.9 0.8 2.1 3.46 0.27 28.7 28.7 
3 7.0 7.5 0.015 500 0.9 0.4 0.8 1.0 3.46 0.27 35.1 30.0 
4 8.75 7.5 0.03 250 3.46 0.27 35.5 29.6 
5 8.75 7.5 0.03 250 2.2 1.0 1.9 2.8 3.46 0.27 41.4 29.6 
6 8.5 7.5 0.03 250 1.2 6.0 1.2 1.8 3.46 0.23 79.0 30.6 
7 9.31 7.5 0.02 375 1.0 1.5 1.2 2.2 3.46 0.30 66.10 29.2 
(1) Largest outward deviation (3) Largest overall deviation along a meridian 
(2) Largest inward deviation (4) Largest overall deviation along a circumference 
* All dimensions are in inches. 
in Chapter 3. The buckling analysis was accomplished using the Riks method (Appendix A) 
as reported in Sec. B.l. The buckling loads were obtained and compared to test results 
[20,40], Koiter's theory [40] and numerical solution by the finite difference software, 
B0S0R5. Results are listed in Table B.2. 
B.3.3 Assessment of results 
The evaluation of the results presented in Table B.2 validates the inelastic buckling 
analysis in ABAQUS. The difference between ABAQUS results and B0S0R5 results did 
not exceed 10% of the B0S0R5 results with an average percentage difference of 4%. On 
the other hand, the difference between ABAQUS results and test data reached a maximum 
of 17% of the test results with an average percentage difference of 7%. 
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Table B.2 Comparison of Finite Element Results with Test and Other Results 
No. 
Buckling Stress (ksi) 
Test [20] Koiter's 
Theory 
BOSOR5 ABAQUS 
1 13.662 16.669 12.979 13.370 
2 11.938 18.266 13.968 14.273 
3 17.890 19.680 18.606 18.189 
4 23.039 35.019 25.573 23.821 
5 26.712 35.26 28.582 27.402 
6 47.015 43.724 41.373 46.012 
7 28.664 24.362 23.791 23.643 
A further investigation for the effect of the imperfection amplitude was conducted by 
assuming that the imperfection peak-to-peak amplitude was increased to the ASME Code 
tolerance [21]. Results are tabulated in Table B.3 and compared to the recommended buck­
ling stresses by the ASME Code Case N-284. Comparison of the finite element results and 
the Code Case N-284 shows good agreement for Specimens 1, 2, 3 and 7 which correspond 
to thin cylinders (see Table B.l) with r/t ratios of 500 and 375. The average percentage dif­
ference between both results was 6.7% of the Code value. On the other hand, there is a 
large percentage difference of 23% between the finite element solution and the recom­
mended Code value for Specimens 4 and 5 with r/t ratio of 250 that experienced inelastic 
buckling. The finite element analysis and Code caluculations indicated that Specimen 6 
buckled in the elastic range at an average stress level of 39% of the yield stress. 
In the previous discussion, the Code recommended values were based on the lower 
bound of experimental data, however, the finite element solution was based on assuming a 
sinusoidal imperfection of wave length equals to 3.46 (rt)"^and peak-to-peak amplitude of 
one shell thickness. This comparison together with that presented in Table B.2 indicates that 
such a sinusoidal imperfection is a severe imperfection for thick cylinders that tend to have 
145 
long imperfection waves in the axial direction with smaller imperfection amplitudses 
[31,32]. The severe reduction of the buckling load in the finite element solution took place 
because of the rapid growth of the effective stresses in the outward imperfection peaks. 
Plastic flow and the formation of plastic hinges occured at these locations resulting in a 
low buckling strength. 
Table B.3 Effect of Imperfection Peak-to-Peak Amplitude 
No. Buckling Stress (ksi) 
Code Case N-284 ABAQUS 
1 8.473 8.195 
2 8.473 8.681 
3 8.834 10.623 
4 20.156 16.084 
5 23.575 17.698 
6 30.494 31.389 
7 14.272 14.176 
B.3.4 Conclusions 
The inelastic buckling analysis conducted herein on tested cylinders verifies the fi­
nite element solution. Results indicated that the use of a sinusoidal axisymmetric imperfec­
tions with small wave lengths and large amplitudes leads to conservative results compared 
to test data. 
